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ABSTRACT

This paper presents DNS results on heat transport in homogeneous isotropic turbulence. This study is
focussing on the Lagrangian fluid turbulence statistics (Lagrangian correlations functions) which are crucial
for the analysis and the modeling of the fluid turbulent properties along discrete particle trajectories. Finally,
a velocity-scalar Lagrangian stochastic approach is proposed and evaluated from the DNS results.

INTRODUCTION

With the increasing development of computing
facilities, Direct Numerical Simulation has given
a boost to describe complex phenomena in tur-
bulent flows. Simulations of particle dispersion
and mixing of a passive scalar [5] in isotropic ho-
mogeneous turbulence have been succesfully in-
vestigated since over 15 years. Nevertheless, heat
transport in turbulent two-phase flows have been
less adressed. Preliminary stages of a study aim-
ing to the development of heat transport model-
ing in particle-laden turbulent flows [1] are pre-
sented.
First, velocity and temperature Eulerian fields are
fully predicted using DNS. Then, numerous fluid
particle trajectories are computed to obtain La-
grangian informations (velocity and temperature
Lagrangian autocorrelation and cross-correlation
functions). At last, these correlation functions
are compared with the ones derived from given
stochastic models.

PROBLEM FORMULATION

Numerical approach

The Direct Numerical Simulation flow conditions
correspond to a stationnary isotropic homoge-
neous turbulent flow which is sustained by ap-
plying a stochastic forcing scheme proposed by
Eswaran and Pope [2] and used by Fevrier et al.
[3]. The parameters of stationary homogeneous
isotropic turbulence are reported on Tab. 1 : fluid
is air, �	��
 is the Reynolds number based on the
integral scale.
Following [4], the temperature fluctuation trans-
port equation (1) is written assuming a mean
given temperature gradient
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With . � � 2 �3 ��4657� the thermal diffusivity of fluid.
The boundary conditions for velocity and tem-



perature fluctuations are periodic in the three
directions. The Navier-Stokes and temperature
equations are integrated in space, using a finite-
volume method with a second order centered
scheme, and solved in time by an explicit second-
order Runge-Kutta method.

Tab. 1 : Dynamic parameters of DNS

Grid 8�9�:�;%<>=
Box size (L) 0.128 m

Integral scale ( 
@? ) 1.24/1.32 9�A@B / m

Reynolds number ( CED�F6G 39/60

Kolmogorov microscale ( H ) 8.54/6.51 9�AIBKJ s

Turbulence kinetic energy (k) 3.22/6.53 9�AIB =ML /1NPO B /
Eulerian timescale ( Q ? ) 0.35/0.20 s

Lagrangian timescale ( Q F ) 0.24/0.16 s

Dispersion coefficient ( RTS ) 5.1/6.8 9�A BKJ L / NPO

Averaged equations

As shown by Overholt et al. [5], the balance
equations for temperature variance and turbu-
lence flux are written,

9
:
UWVYX�Z /�\[U�] ^`_ba VYc Z� X $� [ _ed � V
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The terms on the right hand side are production
by the mean temperature gradient and dissipation
due to laminar diffusivity, g � .
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The terms on the right hand side are production,
pressure-scrambling and laminar dissipation.
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FIG. 1 Balance of variance (a) and turbulent flux (b)
temperature equations : dissipation (dashed lines),

production (solid lines), pressure-scrambling
(dot-dashed line), time derivative (dotted lines), sum

of r.h.s terms (bold lines)

Balance of the temperature correlation equations
are shown by Fig. 1 for a o%p�q = three-dimensional
mesh. r " Z /�ts and r " $� � Z�us reach constant
values after around four thermal Eulerian time
scale vxw� . The measured values from the DNS
can be used to calculate a thermal dispersion co-
efficient in the frame of gradient approximation
r "6$� � Z� s �zy|{~}� ��
�� � ���� . This value is reported on
Table 2 and can be compared with the classical
dispersion coefficient in turbulence { } � /=

� v 

reported on Table 1.

RESULTS AND STATISTICS

Eulerian statistics

Table 2 reports on thermal paramaters and stat-
sitics from the two DNS presented in Table 1. g
which appears in the dissipation rate is the dy-
namic dissipation.



Tab. 2 : Thermal parameters of DNS

Mean temperature gradient ( � ) 1

Thermal integral scale ( 
 ?� ) 1.26/1.35 9�A@B / m

Prandtl Number ( �'� ) 0.7

Temperature variance (
��� �� ) 0.34/1.32 9�A@B =�� /

Eulerian timescale ( Q ?� ) 0.37/0.22 s

Lagrangian thermal timescale ( Q F� ) 0.49/0.30 s

Thermal dispersion coefficient ( RTS� ) 6.02/5.87 9�A BKJ L / NPO
Dissipation rate ( � ��� � ) 0.08/0.03

Next, we are presenting the two-points spatial
Eulerian temperature autocorrelation functions
� w��� �7����� � r " Z� ����� & � " Z� ��� ( �6����� & � s .
Fig. 2 shows normalized auto-correlation func-
tions ���w��� �����@� . In the direction aligned with the
mean temperature gradient, the autocorrelation
function is showing a negative loop, varying
with the laminar Prandtl number. In the normal
directions the shape of the autocorrelation func-
tions is very close to an exponential form.
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Fig. 2 Normalized spatial Eulerian autocorrelation
functions in the temperature with ��� ^ A N�� . In the
three directions, i=1 (dotted line), i=2 (+), i=3 (   ),
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Lagrangian statistics

Fluid velocities and temperatures predictions
are interpolated on a large number (262 144)
of fluid element trajectories in order to evalu-
ate Lagrangian statistics. These interpolations
are realised using a Shape Function Method
[6]. Next, Lagrangian temperature autocorre-
lation, � 
� ��¬0� and velocity-temperature cross-
correlation, � 
­ �6��¬0� and � 
� ­ ��¬0� , functions are
studied to characterize the temperature along the
fluid element paths.

� 
� ��¬0� � r " Z� �®�m��¯6��� & � " Z� �®�m��¯ ( ¬0��� & ( ¬0� s
� 
� ­ ��¬°� � r " Z� ���m�®¯6��� & � � Z� �®�m��¯ ( ¬0��� & ( ¬0� s
� 
­ � ��¬°� � r±� Z� �®�m��¯6��� & � " Z� �®�m��¯ ( ¬0��� & ( ¬0� s
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Fig. 3 Normalized Lagrangian temperature
autocorrelation and velocity-temperature

cross-correlation functions. (a) ¦§ 
­ � (dashed line)¦§ 
� ­ (dot-dashed line) ; (b) Pr=0.3 (solid line),
Pr=0.7 (dashed line), Pr=1 (dot-dashed line).

Lagrangian statistics are represented on Fig.
3 where laminar Prandtl numbers are smaller
than unity and the value of Reynolds num-
ber ( �	��
 � ) is 39. Fig. 3 (b) presents the nor-
malized Lagrangian temperature autocorrela-
tion function and shows a very weak effect



of the laminar Prandtl Number. Starting from
lagrangian velocity (respectively temperature)
autocorrelation function, Lagrangian timescale
v 
 (respectively Lagrangian thermal timescale
v 
� ) could be defined by v 
 � ² ¤¥ �� 
­ �®¬0�´³@¬
and v 
� �µ² ¤¥ �� 
�¶��¬0��³@¬ . According to the two
Reynolds numbers simulated, the computed v 
�
is around twice greater than v 
 .
Normalized Lagrangian velocity-temperature
cross-correlations functions are displayed on
Fig. 3 (a). According to this figure, �� 
­ � �®¬0� is
clearly different from �� 
­ �6� y ¬°� � �� 
� ­ �®¬0� . The
first function corresponds to the correlation be-
tween velocity at time

&
and the temperature at

time
& ( ¬ . During a short time interval, as shown

Yeung [7], the cross-correlation increases under
the coupled effect of turbulent transport and im-
posed mean gradient temperature in y-direction.
This short time interval is close to Lagrangian
timescale v 
 .

LAGRANGIAN STOCHASTIC MODELS

Aiming to use a pdf approach to model heat
transport in turbulent gaz-particle flows, velocity-
temperature models are required. To model fluid
properties along the particle path, the Langevin
model approach for both velocity (4) and tem-
perature (5) fluctuations may be used [8],

³ � $� �zy ov 
 �
$� ³ & (¸· ­ ³�¹ ­ (4)

³ " $� �ºy o¬ �
" $� ³ & y � $� � ³ & (±· � ³�¹ � (5)

Where ³E¹ ­ and ³E¹ � are two independent
Wiener process which have the following prop-
erties r ³�¹ ­ ³E¹ ­ s � r ³�¹ � ³�¹ � s � ³ & .
The model Lagrangian correlation functions can
be derived from equations (4) and (5). The in-
tegration of Langevin model leads up to the
analytic shape of the four correlation func-
tions written in (6), (7), (8) and (9). So, these

model auto-correlation functions normalized by
r»� Z / s , r " $ � $ s or r " Z / s can be compared
with the ones computed from DNS as reported
on Fig. 4 and Fig. 5.

� 
­ � r)� Z / s � B } � Q F (6)

� 
� � r " Z / s � B } �>¼�� (±½ ¨ � � B } � Q F y � B } �>¼�� � (7)

with ½ ¨ ��� r "%$ � $ s ¼�� Q F¼ � B Q�F

� 
� ­ � r " $ � $ s � B } � Q F (8)

� 
­ � � r " $ � $ s � B } �>¼ � (±½ / � � B } � Q1F y � B } �>¼ � � (9)

with ½ / ��� r)� Z / s ¼ � Q�F¼�� B Q1F
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Fig. 4 Comparing of Lagrangian velocity and
temperature autocorrelations from DNS (- -) with

Stochastic Lagrangian model (-)

The characteristic time scale ¬ � is obtained from
the definition of Lagrangian thermal timescale
v 
� . Indeed, by integrating model Lagrangian
temperature auto-correlation, ¬ � is directly ob-
tained.



The value of ¬ � is typically about fifteen percent
smaller than Lagrangian thermal timescale v 
� .

¬ � � v 
�
o y¾� 
�� Z ­ Z �
�� Z � � v¿
 (10)
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Fig. 5 Comparing of Lagrangian
velocity-temperature cross-correlations computed

from DNS (- -) with Stochastic Lagrangian model (-)

CONCLUSION

Direct Numerical simulations are used to char-
acterize velocity and temperature Lagrangian
statistics in non-isothermal turbulent flows. Prop-
erties of the Eulerian field are measured on a
o%p�q = three-dimensional mesh for two turbulent
Reynolds numbers. Lagrangian auto-correlation
functions computed from DNS allow to vali-
date stochastic Lagrangian temperature model
which are crucial in the development of heat
transport modeling in turbulent gaz-particle
flows. In addition, Lagrangian stochastic models
could be validated from the moment ( r " Z /�Às
and rÁ� Z� " Z�Âs ) transport equations of the joint
velocity-temperature pdf using (4) and (5) clo-
sure models. The value of dispersion coefficients
obtained by the moment approach could be com-
pared with the ones of DNS.

BIBLIOGRAPHY

[1] Simonin O.,Combustion and turbulence in two-
phases flows. In : Lecture series 1996-02. Von
Karman institute for Fluid Dynamics, (1996)

[2] Eswaran V., Pope S.B., An examination of forcing
in direct numerical simulation of turbulence.
Computers & Fluids, 316, pp. 257-278, (1988)

[3] Fevrier P., Simonin O, Squires K.D., Partitioning
of particle velocities in gas-solid turbulent flows
into a continuous and a spatially uncorrelated
random distribution : theoretical formalism and
numerical study. J. Fluid Mech, 533, pp. 1-46,
(2005)

[4] Sato Y., Deutsch E., Simonin O., Direct numerical
simulations of heat transfer by solid particles
suspended in homogeneous isotropic turbulence.
Int. J. heat and Fluid Flow, 19, pp 187-192, (1998)

[5] Overholt M.R., Pope S.B., Direct numerical
simulation of passive scalar with imposed mean
gradient in isotropic turbulence. Phys. Fluids, 8,
pp. 3128-3148, (1996)

[6] Maxey M.R., Methods for Evaluating Fluid
Velocities in Spectral Simulation of Turbulence. J.
Comput. Phys., 83, pp. 96-125, (1989)

[7] Yeung P. K., Lagrangian characteristics of
turbulence and scalar transport in direct
numerical simulations. J. Fluid Mech, 427, pp.
241-274, (2001)

[8] Pozorski J., Waclawczyk M., Minier J-P,
Probability density function computation of
heated turbulent channel flow with the bounded
Langevin model. Journal of Turbulence, 4, 011,
(2003)


