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ABSTRACT

Numerical simulations are used to isolate a mechanism for the formation of (i) vortical columns in 3D
homogeneous rotating flow and (ii) zonal jets on theβ-plane. The dynamics of ‘reduced models’ are
computed by restricting the nonlinear term to include a subset of triad interactions in Fourier space. Reduced
models of both near-resonant and non-resonant triads are studied.At moderately small Rossby and Rhines
numbers, near resonances are responsible for the generation of large-scale jets and vortices from small-
scale fluctuations. In the absence of large-scale drag, near resonances reproduce the asymmetry properties
of both full systems: predominance of cyclones in 3D, and stronger westward jets on theβ-plane. Including
large-scale drag on theβ-plane, the full system tends to a constant-energy state characterized by thinner
and stronger eastward jets, and zonally averaged profiles that are linearly stable; near resonances exhibit
weaker asymmetry, and the averaged profiles are marginally stable.

INTRODUCTION

Three-dimensional (3D), homogeneous rotating
flow and β-plane flow are two of the simplest
models used to understand wave dynamics in
geophysical and planetary flows (see , e.g., [1]).
In both flows, the dynamics involve the complex
interaction of turbulence and dispersive waves.
The wave frequenciesσ(k) are given by the dis-
persion relations, whereσ(k) ∝ kz/|k| in 3D
homogeneous rotation, andσ(k) ∝ kx/|k|

2 on
the β-plane. Here(x, y, z) are the zonal, merid-
ional and vertical directions, respectively. Both
systems have so-called slow modes with zero
frequency, and those arez-independent modes
(e.g. vortical columns) in 3D andx-independent
modes (jets) in 2D. Laboratory and numerical
experiments ofβ-plane and 3D rotating flows
have shown that large-scale slow modes are spon-

taneously generated from isotropic, small-scale
forcing (see, e.g., recent work by [2], [3] and
references therein). Furthermore, at moderately
small values of the Rossby and Rhines numbers,
asymmetries develop between cyclones and anti-
cyclones in 3D, and between eastward and west-
ward jets on theβ-plane. We explore the extent
to which near-resonant triad interactions capture
the formation of large-scale, coherent structures
and asymmetries exhibited by the full dynamics
[3], [4].

GOVERNING EQUATIONS

The equations for 3D, homogeneous, incom-
pressible flow in a frame rotating about the
ẑ-axis at constant rateΩ are given by



∂tu + Ro−1ẑ × u + (∇× u) × u

= −∇P + Re−1∇2u + Fu (1)

with incompressibility∇ · u(x, y, z) = 0, and
whereP is a pressure andFu is an external force.
The Rossby and Reynolds numbers are, respec-
tively, Ro = U/(2ΩL) andRe = UL/ν, where
L is a characteristic length andU is a character-
istic velocity.

Theβ-plane model is a local, planar approxima-
tion to 2D motion on the surface of a sphere,
which accounts for mid-latitude variation of
the normal component of the Coriolis param-
eter. The equation for the vertical vorticity
ζ(x, y) = vx(x, y) − uy(x, y) is given by

∂tζ + J(∇−2ζ, ζ) + (Rh)−1∂x∇
−2ζ

= Re−1∇2ζ − Λζ + Fβ, (2)

where Fβ is an external force,J(g, h) =
gxhy − gyhx is the Jacobian,Rh = U/(βL2)
is the Rhines number,Λ = rU/L is a non-
dimensional drag coefficient,r is the (dimen-
sional) drag coefficient, and the parameterβ is
the linear variation of the normal component of
the Coriolis parameter with latitude [5].

In the inviscid, linear limit and in the absence
of external forcing, both (1) and (2) admit wave
solutions

u or ζ ∝ exp
[

i
(

k · x − σ(k)
t

R∗

)]

+ c.c., (3)

where c.c. denotes the complex conjugate,R∗ =
Ro or Rh, andx, k are 3D vectors for 3D rota-
tion and 2D vectors for theβ-plane system. The

wave frequenciesσ(k) are given by the disper-
sion relations,

σ(k) = ±
kz

k
(3D), σ(k) = −

kx

k2
(2D) (4)

wherek = |k|. Both dispersion relations allow
resonant triad interactions withσ(k) + σ(p) +
σ(q) = 0, but these interactions cannot transfer
energy directly from fast waves to slow modes
[6], [7]. For smallR∗ and on long time scalesT =
O(1/R∗), near-resonant interactions become im-
portant [8], withσ(k) + σ(p) + σ(q) = O(R∗).

NUMERICAL SIMULATIONS

Our goal is to isolate the dominant mechanism
for the spontaneous self-organization of small-
scale fluctuations into large-scale vortices in 3D,
and large-scale jets on theβ-plane. To this end
we numerically investigate reduced models in-
cluding subsets of triad interactions in Fourier
space. We here focus on reduced models of near
resonances with

|σ(k) + σ(p) + σ(q)| ≤ R∗ (5)

and non-resonances with

|σ(k) + σ(p) + σ(q)| > R∗. (6)

Since the physical-space form of the nonlin-
ear term for a reduced model is not explicitly
known, fully spectral rather than pseudo-spectral
methods must be used for reduced-model cal-
culations. Thus, our resolutions are restricted
to 643 Fourier modes in 3D, and3842 (2562)
modes on theβ-plane without (with) linear drag.
The forcing is white in time with spatial, two-
point correlation given by a Gaussian peaked at
intermediate wavenumberkf and energy input



rate εf . We choose moderately small parame-
ter valuesRo = (εfk

2

f )
1/3/(2Ω) = 0.085 and

Rh = (εfk
5

f )
1/3/β = 0.5 that are relevant to

synoptic-scale winds and atlantic ocean currents
at mid-latitudes [5].

Results for 3D Rotating Flow

Figure 1 compares same-time energy spectra for
a full simulation of (1) in a periodic box, and
the reduced model of near resonances defined
by (5). Both runs haveRo = 0.085, kf = 10
and the same energy input rateεf . The run of
near resonances reproduces the energy spectrum
of the full simulation surprisingly well, consid-
ering that the near-resonant triads are only about
12% of the total number of triad interactions.
The relatively small number of near-resonant tri-
ads is less efficient than the total number of tri-
ads for extracting energy from the 3D isotropic
force, and hence figure 1 shows more energy in
the forced wavenumbers for the run of near res-
onances than for the full simulation. In both cal-
culations, energy injected into 3D modes at inter-
mediate wavenumbersk ≈ 10 is partially trans-
ferred to larger 2D slow modes withkz = 0, cor-
responding to vortical columns in physical space.
HenceE(k) ≈ E(kh; kz = 0) at large scales
(figure 1 shows onlyE(kh; kz = 0) for the near-
resonances run to avoid clutter). Near resonances
aremoreefficient for transferring energy to large-
scale vortices than the full set of triads, as evi-
denced by an increased rate of transfer to large
scales (not shown), and by the smaller overall
peak wavenumber in the run of near resonances
(at k = 1) compared to the full simulation (with
overall peak wavenumber atk = 2). The latter
implies that non-resonances given by (6) slow the
transfer of energy from isotropic 3D small scales
to 2D large scales withkz = 0. Consistent with
higher resolution1283 simulations [9] at the same
Ro = 0.085 and with peak forcing wavenumber
kf = 24, the large-scale spectra scale approxi-
mately ask−3 indicating that the transfer of en-
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Fig. 1. Energy spectrumE(k) (solid) for a full simu-
lation of 3D rotation, compared to spectra for the re-
duced model of near resonances:E(k) (dashed) and
E0(kh) = E0(kh; kz = 0) (dotted). Both runs have
Ro = 0.085 and instantaneous spectra are measured
at the same time. Ak−3 line is also shown for refer-
ence.

Fig. 2. PDF of vertical vorticity in thêz-averaged
velocity fields for 3D rotation: near resonances (solid)
and the full simulation (dashed) at the same time.

ergy from small to large scales is not an inverse
cascade among 2D modes only.

Figure 2 shows the strong asymmetry between
cyclones (with positive vorticity) and anticy-
clones (with negative vorticity), and the asym-
metry in favor of cyclones is at least as strong
in the run of near resonances as for the full
simulation. Here PDFs are sampled over points
Q = uxvy − uyvx > 0.25 max Q. In contrast,
the reduced model of non-resonances does not
show significant energy transfer from intermedi-
ate forced scales to larger scales.



Results for β-Plane Flow

Figures 3 and 4 compare same-time snapshots
of spectra for a full simulation ofβ-plane flow
and the reduced model of near resonances. For
resolution3842 andRh = 0.5, near-resonant tri-
ads interactions are about33% of the total num-
ber of triad interactions. Other parameter values
are Λ = 0 (no linear drag), andkf = 80. In
both cases,E(k) ≈ E0(ky) at large scales, show-
ing that the large-scale flow is predominantly
zonal. HereE(k) is the 2D energy spectrum;
E0(ky) (E0(kx)) is the zonal (meridional) spec-
trum, with energy in a small sectorπ/12 about
kx = 0 (ky = 0). As can be seen in figure 5,
the time developingβ-plane flow without linear
drag has a clear asymmetry in favor of stronger
westward jets. That asymmetry is enhanced in
the simulation of near resonances only. The re-
duced model of non-resonant triads (6) does not
produce strongly zonal flows.

When linear drag is included withΛ = 2.2×10−3

and the flow approaches a state of constant en-
ergy, then the asymmetry of the fullβ-plane flow
reverses to favor stronger and thinner eastward
jets. The zonally averaged velocityuavg(y) is lin-
early stable withdζavg(y)/dy > −β everywhere
[10], whereζavg(y) is the zonally averaged vor-
ticity. In the reduced model of near resonances,
the zonally averaged velocity and vorticity pro-
files develop a secondary structure which is not
present in the fullβ-plane flow. A weaker form of
the jet asymmetry emerges, and the zonally av-
eraged velocityuavg(y) is marginally stable with
dζavg(y)/dy = −β at several values ofy.
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Fig. 3. Energy spectraE(k) (solid),E0(ky) (dashed)
andE0(kx) (dotted) for a fullβ-plane simulation with
Rh = 0.5 andΛ = 0. The line isk−5.
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Fig. 4. Energy spectraE(k) (solid),E0(ky) (dashed)
and E0(kx) (dotted) for near resonances on the
β-plane withRh = 0.5 andΛ = 0. The line isk−5.
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Fig. 5. Maximum eastward (solid) and westward
(dashed) velocities forRh = 0.5 and Λ = 0: full
simulation (no symbols); near resonances (circles).
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