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Opening Statement I — A Syllogism

Major Premise. Engineers prefer landscape-oriented viewgraphs while

College professors prefer portrait-oriented viewgraphs.

Minor Premise. X. Rong Li is a college professor.

Conclusion. X. Rong Li prefers portrait-oriented viewgraphs.



Opening Statement II

Lemma. Make things as simple as possible but not simpler.

A. Einstein

Theorem. By making things absolutely clear, people will become con-

fused.

A Chinese fortune cookie

Corollary. We will make things

simple

but not too simple,

clear

but not too clear.



Outline

• Information Fusion

• Estimation Fusion

• Decision Fusion

• Unification of Estimation and Decision

• Random-Set Theory

• Hybrid Estimation

• Performance Prediction of Hybrid Algorithms
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A Wider View of Information Fusion

• A Popular View: Information fusion is about summarizing information

in an embodiment of multiple sources.

• A Wider View: Embodiment is not necessarily of multiple sources.

Embodiment Type:

• Data

• Image

• Knowledge

• Rules

• etc.

Examples of Fusion of Information from a Single Source:

• Over a Time Period: Filtering, Smoothing, and Prediction

• At a Fixed Time: Decomposition and Fusion
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Estimation Is Fusion!

Estimation = Fusion of Prior and Posterior Information (Bayes’ Rule)

Recursive Filtering = Fusion of Prediction and Current Observation

Prior Knowledge

Current Data

-

-

Fuser - Estimate
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Fusion for State Smoothing

Information Source: A single sensor observes the system over a time period.

Forward Filter

Backward Filter

-

-

Fuser - Estimate

-

�
�

forward filter x̂k|k

backward filter x̂k+1|k

prediction x̂k|k

0 k k + 1 N

Optimal smoother is obtained by fusing forward filter and backward filter,

in white noise (Fraser and Potter, 1969):

x̂k|N = (I −Kk)x̂k|k + Kkx̂k|k̄

Pk|N = [P−1
k|k + P−1

k|k̄ ]−1

Kk = Pk|NP−1
k|k̄

in arbitrary noise (Li, et al, 2000):

Pk|N = Pk|k −Kk
(

Pk|k + Pk|k̄ − Pkk̄ − P ′
kk̄

)′
K ′

k

Kk = (Pk|k − Pkk̄)
(

Pk|k + Pk|k̄ − Pkk̄ − P ′
kk̄

)−1

Key: From a single sensor over time period can be viewed as if from multiple

sensors.
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Decomposition and Fusion

Information Source: Measurements from a single sensor in one frame.

�

�

�

�

�

Example: Measurements have different origins: target, countermeasure, clut-

ter

Basic Idea of D&F Approach (Li, et al., 1999):

• Decompose the measurements into different classes.

• Handle each class differently.

• Fuse over different classes.

This is first general/systematic method for target tracking in presence of

ECM.

Key: Multiple observations (from a single source) can be artificially

treated as if from multiple sources.
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Examples of Estimation and Decision

Estimation:

• Parameter estimation

• Process estimation (e.g., state estimation, signal estimation)

• Prediction, Filtering, Smoothing

• Target Tracking

Decision:

• Hypothesis Testing

• Detection

• Classification

• Recognition

• Identification

• Data Association

Fusion conferences provide a forum for fusion of estimation and decision.
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Architectures of Data Fusion

General architectures of data fusion:

• Centralized: Raw data zi are sent to fusion center

• Distributed: Each sensor only sends out locally processed data (e.g.,

estimates x̂i or decisions ui)
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Estimation Fusion

Estimation fusion = information/data fusion for estimation

Track-to-track fusion is a special case of (state) estimation fusion.

Problem: Estimate x at fusion center using all available information,

where

x = estimatee (e.g., state of a target)

x̂ = estimate of x

P = cov(x− x̂)
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Unified Linear Estimation Fusion Model

• Centralized (C): x̂ = linear unbiased estimate of x using z1, . . . , zn with

zi = hix + ηi

• Distributed (D): x̂ = linear unbiased estimate of x using x̂1, . . . , x̂n with

x̂i = x + (x̂i − x)

The unified linear model of observation is

yi = Hix + vi =⇒ Y = Hx + V

where

yi =















zi, C

x̂i, D















, Hi =















hi, C

I, D















, vi =















ηi, C

x̂i − x, D















Key to unified view: View x̂i as an observation of x.
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Estimation Fusion Criteria & Noise Correlation

Consider two linear fusion criteria: BLUE and WLS:

BLUE = minimize MSE by a linear function of Y

WLS = minimize error of fitting data to a linear model

Noise components are correlated: C = cov(V ) is not necessarily block diag-

onal:

• Centralized: C = R = covariance of stacked observation noise

• Distributed: C = Σ = covariance of stacked local estimation error.

Example: Noises of sampled system of continuous-time distributed system

are correlated.

Also, V and x are correlated:

cov(x, V ) = A

For distributed systems

Ai = cov(x, vi) = −Pi

Handling correlation A is very useful, e.g., in feedback case for track fusion.

Need to develop BLUE and WLS estimators valid for colored noise and

correlation between noise and estimatee.
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Unified Fusion Rules (Li, et al., 2000)

BLUE Fusion Rules With Complete Prior:

x̂BLUE = x̄ + K[Y −Hx̄]

PBLUE = P0 −KSK ′

S = HP0H ′ + C + HA + (HA)′

K = (P0H ′ + A)S−1 = (PH ′ + A)(C + HA)−1

BLUE Fusion Rules Without Prior Information:

x̂ = KY, P = KCK ′

K = H+[I − C(TCT )+], T = I −HH+

BLUE Fusion Rules With Incomplete Prior: x̄ = E[x], singular P−1
0 ≥ 0, and

cov(x, V ) = A

x̂ = WK[(W ′
1x̄)′, Y ′]′, P = WKC̃K ′W ′

where

K = H̃+[I − C̃(T̃ C̃T̃ )+], T̃ = I − H̃H̃+

H̃ =









[Ir×r, 0]

HW









, C̃ =









Λ1 −W ′
1A

−(W ′
1A)′ C









W = [W1,W2] diagonalizes P−1
0 : P−1

0 = Wdiag(Λ−1
1 , 0, . . . , 0)W ′ such that

Λ1 =diag(λ1, . . . , λr) > 0, r =rank(P−1
0 ).

WLS Fusion Rule:

x̂ = KY, P = [H ′C−1H]+, K = PH ′C−1
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Unify Centralized and Distributed Fusion

Fusion Method Centralized Standard Distributed Nonstandard Distributed

Data Model zi = hix + ηi x̂i = x + (−x̃i) yi = Kihix + Kiηi

Correlation R = cov(η1, . . . , ηn) Σ = cov(x̃1, . . . , x̃n) R = cov(η1, . . . , ηn)

Data Received z1, . . . , zn x̂1, . . . , x̂n
yi = x̂i − (I −Kihi)x̄i, ∀i
K1, . . . , Kn

Unification

y = [z′1, . . . , z
′
n]′

H = [h′1, . . . , h
′
n]′

C = R

y = [x̂′1, . . . , x̂
′
n]′

H = [I, . . . , I]′

C = Σ

K̃ = diag(K1, . . . , Kn)

y = [y′1, . . . , y
′
n]′

H = K̃[h′1, . . . , h
′
n]′,

C = K̃RK̃ ′

Unification

for BLUE

Ai = cov(x, ηi)

A = [A1, . . . , An]

Pi = cov(x̃i)

A = −[P1, . . . , Pn]

Ai = Kicov(x, ηi)

A = [A1, . . . , An]

BLUE Fuser

Complete prior:

x̄ = E[x], P0 = cov(x)

S = HP0H ′ + C + HA + (HA)′

If S−1 exists,

K = (P0H ′ + A)S−1

Else, K = (P0H ′ + A)S+

End if

x̂ = x̄ + K[y −Hx̄],

P = P0 −KSK ′

Incomplete prior:

x̄ = E[x], P−1
0 ≥ 0, |P−1

0 | = 0

Let P−1
0 = V diag(Λ−1

1 , 0)V ′

V = [V1, V2], V −1 = V ′,

Λ1 = diag(λ1, . . . , λr)

H̃ =





[Ir×r, 0]

HV



 ,

C̃ =





Λ1 −V ′
1A

−(V ′
1A)′ C





T = I − H̃H̃+,

K = H̃+ − H̃+C̃[TC̃T ]+

x̂ = V K[(V ′
1 x̄)′, yn′]′,

P = V KC̃K ′V ′

WLS Fuser and

BLUE Fuser

Without Prior

If C−1 exists, then P = [H ′C−1H]+ , K = PH ′C−1

Else, let T = I −HH+, K = H+ −H+C[TCT ]+, P = KCK ′

End if

x̂ = Ky
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Pros and Cons of Unified Fusion

• General and easily implementable fusion rules

• Unified and flexible framework:

Valid for Y as any set of observations (centralized) or unbiased estimates

(distributed), e.g., for

Coupled sensor observation errors

Distinct local models

Arbitrary network structures and information patterns

Different estimator type

Existing rules are special cases of above LS rules

Possible weakness: Need knowledge of C:

Centralized: C = R = covariance of stacked observation noise

Distributed: C = Σ = covariance of stacked local estimation error

R is easier to obtain than Σ

R is often time-invariant and block-diagonal

Σ is time-varying and often not block-diagonal

Three approaches may be used to obtain Σ:

Calculation analytically: Formulas available for all linear systems.

Σ can be determined numerically, or by an experiment or simula-

tion.

Σ can be tuned: Select Σ to optimize performance. Similar to

tuning process noise covariance Q in Kalman filter.
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Unified Decision Fusion

Two main classes of optimal distributed decision fusion:

• Optimal fusion rule subject to fixed local (sensor) rules

Local rules are known to the whole system (called given sensor

rule)

Local rules are not known to the whole system

• Overall optimum fusion and sensor rules

• Unified Fusion Rule (Zhu, et al., 2000)

A unified fusion rule is found for networks with fusion nodes observing

data:

All fusion rules are its special cases

Valid for all optimality criteria and data distributions

Valid for arbitrary network structure

General M -ary decision

Need only to optimize sensor rules given this unified rule

A necessary condition for optimum sensor rule is found

Performance not improved if information bits are more than a

number
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Optimal Decision Fusion Given Local Rules

Unified optimal fusion rule or sensor i rule (Zhu and Li, 1999):

pk(yi|H1)
pk(yi|H0)

><
ui(k) = 1

ui(k) = 0

P0(c10 − c00)
P1(c01 − c11)

, ∀k

where

pk(yi|Hj) = p(yi|Hj,d = dk)P{d = dk}

=
∫

Uk
p(y1, . . . , yl|Hj)dy1 · · · dyi−1dyi+1 · · · dyl

dk is the message received from other sensors and/or fusion center.

This is a complete, general solution to the problem: It is valid for

• Arbitrary network structure (tree structure, with or without feedback)

• General M -ary decision

• Optimal fusion rule and locally optimal sensor rules

• Dependent as well as independent observations

It is a generalization of Chair and Varshney (1986) for independent decisions:

∑

{i:ui=1}
log

1− P i
M

P i
F

+
∑

{i:ui=0}
log

P i
M

1− P i
F

><
H1

H0

log
P0(c10 − c00)
P1(c01 − c11)

Communication not necessarily improves global performance.
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Estimation/Decision Fusion: Mutual Learning

Estimation Fusion → Decision Fusion:

• Soft Decision Fusion: P{Hi|y1}, . . . , P{Hi|yn} → P{Hi|Y }

• Conditional Decision Fusion: Fusion given a set of observations (se-

quential)

Decision Fusion → Estimation Fusion:

• Global optimum distributed estimation fusion

Marriage of Two:

• Fusion of tracks with quality measures
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Estimation and Decision: Major Differences

Estimation: Determine a point in a (continuous) metric space.

Decision: Select one from discrete (countably many) choices.

Key Difference:

• (Point) estimation theory is good only for points in a metric space.

Estimation can be for a discrete set, e.g., in the case of quantization.

• Decision theory is good only for a set of countably many points.

Decision may or may not have a metric.

Additional Difference:

• Estimation theory is good for dynamic as well as static situations

—Estimate varies as more observations are available.

• Popular decision theories are weak for dynamic situations

—Hypotheses are always fixed

—Decision is made irrevocable

Potential Novel Research Directions:

• Discrete Inference in Metric Set: Decision over decision set accounting

for the metric of the set,

or equivalently, estimation over a discrete constraint set

• Decision with time-varying hypotheses

• Soft decision theory
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Unification of Estimation and Decision

Estimation and decision are both statistical inference.

Unification:

• By Density Inference

• By Random-Set Theory

• By Hybrid Estimation

• By Optimization
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Unification By Random-Set Theory

Random Vector = Set-to-Point Mapping (Event 7→ Point in n-D space)

Random Process = Set-to-Point Mapping (Event 7→ Time Function)

Random Set = Set-Valued Random Variable (Event 7→ Subset)

....................................
..................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

...............................................
......................................

.................................
..............................
...........................
........................
......................
.......................
.

...............................................................................................................................................................................
..........................
......

........
.....Ω

.................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.............................................................................................................................................................................................................................................................. ......................

................................................................................................................................................................................................................................................................................................................................................................................................................................................ ......................

•ω2

................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................. .......................

•ω3

.....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

•ω1

x1 x2 x3
x

X(ω)
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Example—the case of an unknown number of targets with unknown IDs and

unknown states is a random set in the product space:

{Target ID} × (Target State Space)

The problems of target detection, tracking, and identification are solved

jointly!

Clearly, estimation and decision are unified by random-set theory.
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Random-Set Theory: A Powerful Framework

Random-set theory generalizes single-point statistics (random vectors) to

multi-point statistics (random sets).

Random-set theory provides a powerful and rigorous probabilistic frame-

work. It includes many seemingly incongruent frameworks as its special cases.

For example:

• The and, or, and not connectives of Zadeh’s max-min fuzzy logic corre-

spond to random-set intersection, union, and complement. Other fuzzy

logics are approximations of random-set intersection/union operations.

• Fuzzy sets may be represented as random sets that may be treated as

statistical objects.

• Many “ad hoc” evidence theories are special cases of random-set theory.

For example, Dempster-Shafer theory is essentially the same as the

theory of statistically independent, nonempty random sets.

• (GNW) conditional event logic is the only conditional event algebra

that can be “simply” embedded in random sets in that the and, or, and

not connectives correspond to intersection, union, and complement.

• Knowledge-based (iterated) rules can be represented as random sets

through conditional events.

21



Example—Power of Random-Set Viewpoint

Bayesian inference:

P{one of exclusive and exhaustive “causes” A1, . . . |“effect” B}

Dempster-Shafer evidential reasoning:

[PL, PU ]{one of a set of “causes” C1, . . . }
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..........................
..........................

..........................
.............

Conclusion:

D-S theory is a special probabilistic theory (via random-set theory).

Double Negative 6= Positive

Key to Unification:

Non-disjoint distinct subsets of a set are disjoint elements of the power set
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Random-Set Theory Is Not Yet Practical

• Random-set theory provides a nice framework and a powerful view-

point.

• Axiom (valid only in mathematical realm?):

“A problem well put is a problem half solved.”

• Random-set theory at present provides only such a “half” solution, with

a potential of a complete solution.

• Most other popular theories are capable of providing only incomplete

and sometimes questionable solutions.

• What’s Missing? — Random-Set Modeling: Hard to obtain random-set

model of a given practical problem.
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• For example, no distribution models of random sets.

• Similar to probability theory hundreds of years ago without distribution

models.
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Hybrid Estimation: Introduction

Two Classes of Estimation:

• Parameter Estimation

• Process Estimation (e.g., state estimation, signal estimation)

What About:

• Process estimation subject to parametric uncertainty?

Solution: Adaptive Estimation

• Process estimation subject to structural uncertainty (or change)?

Solution: Hybrid Estimation

Examples of process estimation subject to structural uncertainty/change:

• Systems subject to failure/repair

• Target tracking:

Tracking in the presence of motion uncertainty

Tracking in the presence of measurement-origin uncertainty

Such problem cannot be handled by conventional adaptive estimation sys-

tematically.

Conventional Solution:

• Estimation + decision (hypothesis testing)

• Hard decision: Only one structure may be chosen at a time
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Hybrid Estimation

Roughly:

Hybrid Estimation = Estimation of a Hybrid Process

Hybrid Process = Process with continuous-valued (diffusion) and discrete-

valued (jump) components

• Example: State of a hybrid system

xk+1 = fk(xk, sk) + Gk(sk, xk)wk(sk, xk)

zk = hk(xk, sk) + vk(sk, xk)

• Base state x — conventional continuous-valued variable

• Mode s — discrete variable (structure or system behavior pattern)

• Sudden changes in behavior pattern =⇒ mode jumps
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Unification By Hybrid Estimation

Hybrid Estimation:

• Combines process estimation and parameter estimation

• Can handle both continuous and discrete uncertainties

• Unifies estimation and decision

Key to Unification: Formulate the problem as estimation of a hybrid process.

How to Unify by Hybrid Estimation?

• Process may consist of both continuous- and discrete-valued compo-

nents

• Structure may be represented by an index

Advantage of Hybrid Estimation:

• Conventional solution amounts to two-stage optimization

• Hybrid estimation amounts to overall optimization
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Hybrid Estimation Applications

Hybrid Estimation is particularly powerful for

• problems characterized by structural as well as parametric changes/uncertainties

• decomposition of a complex system into simpler subsystems

Typical Applications of Hybrid Estimation:

• Systems subject to failures/repairs: failure detection and identification

• Target Tracking:

maneuvering targets: patterns of motion

tracking in clutter: measurement origin uncertainty

• Reconfigurable systems

• Piecewise linearization of nonlinear systems

• Time-invariant partitioning of time-varying systems
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Multiple-Model Approach

Multiple-model (MM) method is a major approach to hybrid estimation:

• System mode =⇒ algorithm model =⇒ model-based filter

• Mode jump =⇒ model switching

M Models:

xk+1 = f i
k(xk) + Gi

k(xk)wi
k(xk)

zk = hi
k(xk) + vi

k(xk)

These models (approximately) represent or cover all possible system modes

at any time. M filters for M models: Each filter f i is based on (matched to)

mode sj.

Two unique features of the MM estimation:

• A bank of multiple filters are running in parallel at each time, each

based on a particular model

• The overall state estimate is a certain combination of the state estimates

from each single-model based filter.

This is the state-of-the-art approach for many estimation (compound with

decision) problems.

“A good model is worth a thousand pieces of data.”

“Are multiple models worth many thousand pieces of data?”
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Multiple-Model Approach (Continue)

“A picture is worth a thousand words.”
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Milestones of MM Approach:

• First Generation — Static: Use a fixed set of models without interaction

(Magill, 1965)

• Second Generation — Interacting: Use a fixed set of models with in-

teraction

GPB algorithms (Ackerson and Fu, 1970; Chang and Athans,

1978)

IMM algorithm (Blom and Bar-Shalom, 1988)

• Third Generation — Variable Structure: Use a variable set of models

with interaction (Li and Bar-Shalom, 1996; Li, 1999)
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First-Generation: Estimate Fusion

• Soft Decision:

x̂k|k =
∑

i
x̂i

k|kP{Model i is correct|Zk}

This is decision free or soft decision since no “hard decision” is involved.

• Hard Decision: Summation is over “not too unlikely” models. Conven-

tional solutions are special cases:

x̂k|k = x̂i
k|k model i is most likely

x̂k|k = x̂i
k|k model i is decided by a test

• Random Decision: Above summation is over models randomly chosen

from all possible ones.

First generation (Magill, 1965) has no reinitialization. Its filters run in

parallel without interactions with each other.
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MM Fusion vs. Estimation Fusion
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Second-Generation: Filter Reinitialization

GPB1 (Ackerson and Fu, 1970):

x̄(i)
k−1|k−1 = E[xk−1|zk−1] = x̂k−1|k−1
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IMM (Blom, 1984):
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Third-Generation: Variable Structure

Variable structure = Set of models is time varying

Need for variable structure—e.g., a car on closed highway and at intersection

Variable-Structure Algorithms:

• Model-Group Switching (Li et al., 1999)

• Likely-Model Set (Li and Zhang, 2000)
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Unification By Optimization

• Both optimal estimation and optimal decision problems are optimiza-

tion problems.

• Bayesian Approach:

Estimation: Cost is a function of some expected metric of estima-

tion error

e.g., C = E[‖x− x̂‖2]

Decision: Cost is a function of the probabilities of decision errors

e.g., C = ∑

i,j cijP{Hj}P{Hi|Hj}

• Most robust estimation and decision problems are also optimization

problems

• The problem of discrete inference in a metric set is also an optimization

problem.
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Performance Prediction

• Analytic Models and Error Bounds

• Computer Simulation

• Performance Predictor (Li and Bar-Shalom, 1994):

A fusion of analysis and computation:

Prior Knowledge

Current Data

-

-

Fuser - Estimate

Performance predictor
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Conditional Performance Prediction
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Summary

• Taking a wider view of information fusion is beneficial.

• Estimation and decision are different but closely related.

They should learn from each other.

Their marriage can give birth to many promising children.

• Hybrid estimation is a way of fusing estimation and decision.

• Random-set theory provides a nice framework, yet needs more work to

be more practical.
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