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Motivation and goal

@ DG method:

e compact stencil: well-suited for unstructured meshes, algorithm
parallelization, BC application.

e time explicit discretization: strongest CFL restriction associated to
parabolic term

e time implicit discretization: high computational cost induced by the
large number of DOFs in practical app. (e.g. 3D Navier-Stokes eq.)

@ Aim:
o efficient implicit procedure for the DG method:

@ uncoupling of low order DOFs in each element
@ reconstruction of higher order DOFs

e application to steady solution of nonlinear parabolic equations
e numerical experiments with BR2 scheme

@ Bassi et al., 2nd ETC, Antwerpen, 1997. ONERA
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Outline

@ Equations and Numerical Approach
@ Nonlinear diffusion equation
@ Entropy solution
@ Space discretization
@ Implicit procedure

@ Numerical experiments
@ 1D nonlinear diffusion equation
@ 2D nonlinear diffusion equation

© Summary and outlook
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Implicit procedure

Nonlinear diffusion equation

model problem

Consider the elliptic problem
— V- (B(x,u)Vu) = s(x) inQcR? (1)
with B(x, u) a nonlinear function of u € R and BCs on 9Q =Tp Un:

u = wup onlp

Vu-n = gy only

We solve (1) with a fast time marching method:

ug — V- (B(x,u)Vu) =s(x) inQx (0,00) (2)
and IC
u(x,0) = uo(x) in Q
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entropy solution

@ U(u) is an entropy function for (2) if

o Uy, >0
o U satisfies
B(x, u) = UuuC(x)

where C € R?%? is a positive definite matrix

@ Introduce the change of variable u(v) s.t.

Upyu, =1

one obtains the following linear (in space) parabolic problem for v:

u(v)e — V- (C(x)Vv) =s(x) in Q2 x(0,00)
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Implicit procedure

Space discretization

discrete weak form

@ Partition of Q:
N
Q=9
j=1
@ Function space of discontinuous polynomials:
VE = {p € L3(Q) : wly, € PP(), j=1,N}
with
NP
PP(Q)) ={p € L2(2) : wlx,y) = ¢! (x,y)}
1=0

@ We look for a numerical approximation of the solution v, € V,’::
vh(x,t) = §:¢ Wi(t) vxeQj te(0,00)

Remark: number of DOFs per discretization element:

p+1 if d=1
Np = { (p+1)(p+2) f d=2 OMNERA
2 -
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Equations and Numerical Approach
Numerical expe t
Sumn

Space discretization
BR2 scheme

Numerical approximation of the weak formulation: Vk =1,..., N,

k d 0,) - Vokdx — kh,ds = ks(x)d
/Qj<z>u<vh>tx+/ﬂj(c ») - Vokdx 729,.‘1’ /Qj<z>s(x>x

6, £ Vv,+Ry

hy = C{Vvp+ri}-n
with

Rh £ Z rf]’ Vx € Qj

CFEan'
and
gt 49
[ eav=— [ (6} - vy Inds la} ="
QtuQ— o
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Time discretization

backward Euler scheme

Semi-discrete equation:

dv
M= +R(V) =0

Mass matrix:

Mk[ = / ¢k¢luv(vh)dx
Q9
Backward Euler scheme:
AV vy L R(VED) =0
with V(") = V(nAt) and A the implicit matrix:

1 R
A= tmy R
Ac T av

Remark: A is an unsymmetric real square matrix of size Npor = N X Np.
Hence matrix inversion is a O(N3 rocess
( DOF) p ONERA
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Implicit procedure

evaluation cost reduction (1/2)

Basics:
@ implicit matrix coefs represent coupling between DOFs

@ coupling appears through numerical flux fA.,h(v,T, vy )
Lowering coupling between modes by:

© low order problem resolution: modes s.t.

@ reconstruction of higher modes s.t.

0 S q S psimp
Psimp < q S P

1D example for p = 2 and pgjmp = O:

G4
[ N
Q Q* o}

ONERA

(a) full coupling (b) reduced coupling
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Implicit procedure

evaluation cost reduction (2/2)

Resolution algorithm:
© low order problem resolution:
A(\”](nﬂ) _ \“/(")) _ _ﬁ(v("))
with V = (V°, ... \/Psimp)

© local reconstruction of higher modes:

(n+1

Ve @ ve™y e v 1< g<p

1D example for p = 2 and psjmp = O:
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Implicit procedure

operation count

Remark: A is a square matrix of size Ngjmp = N x N,

n'mp:
@ matrix inversion is a O(Nj’,-mp) process

@ higher DOFs reconstruction is a O(N3ofF) process

FLOPs reduction for matrix inversion:

3 3
Nbor ~ (NN” ) when N large

Neimp + Npor

simp
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Implicit procedure
Methods comparison

Von Neumann analysis for the 1D heat equation with periodic BCs

Amplification matrix eigenspectra for p=1 and D =

vAt __ 3.

\
\ / \‘\ /
\ , \ ,
1 N1
N - N s
(d) BAS (e) SIMP

BASE: full implicit matrix

SIMP: simplified implicit matrix with psimp =0
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1D nonlinear diffusion equation

model problem

@ Equation:
du O*B(u) . .
e 1+sin27mx in (0,1) x (0, 00)
u(x,0) = woe(x) on]0,1]
u(0,t) = 0
u(l,t) = log3

with v > 0 and B(u) = e —1

x2  sin 27rx) ’

lim u(x,t) = log (1+ (2+i)x7 Z 4

t—00 2v 2v 472y

@ Partition of the segment:

Q=

'CZ

1
[(_j*l)AX JAX] AX:N O NERA

J
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1D nonlinear diffusion equation

numerical results

Error analysis for 1 < p < 5 and D = 10°

— & DG(1)BASE-NLI — = DG(L) SIMPO- NLI
o DG(2) BASE -NLI = DG(2) SIMPO- NLI
10* - —a—— DG(3) BASE - NLI 10* -—=a— DG(3) SIMPO - NLI
DG(4) BASE - NLI DG(4) SIMPO - NLI
——— DG(s5) BASE -NLI . —=— DG(5) SIMPO-NLI .
107 P 107 —
e
_— Bx / P /
s — s -
= - § e
T JEEL -
3 H
ERran - / Eprn / /
e x* e X
10t » 10"
o ol
10 L N, 10 L L
50z T0a 606 0,06 0.1 50z 04006 0,06 0.1
Ox Ox

(f) BASE (g) SIMPO

BASE: full implicit matrix
SIMPO: simplified implicit matrix with pgjm, = 0
NLI: nonlinear ONERA

@ Arnold et al., SIAM J. Numer. Ana., 39(5), 2002.
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1D nonlinear diffusion equation

numerical results

Convergence analysis (N = 400, p =1, D = 10%)
Speedup ~ 2.25

——s—— BASE - NLI (N=400, p=1)
——=— SIMPO - NLI (N=400, p=1)

= BASE - NLI (N=400, p=1)
——=—— SIMPO - NLI (N=400, p=1)

s
00 Tso 05 T 15
iteration CPU Time [s]

BASE: full implicit matrix

ONERA

SIMPO: simplified implicit matrix with pgjm, = 0
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1D nonlinear diffusion equation

numerical results

Convergence analysis (N = 400, p = 2, D = 10%)
Speedup ~ 5

——s—— BASE - NLI (N=400, p=2)
——=— SIMPO - NLI (N=400, p=2)

= BASE - NLI (N=400, p=2)
——=—— SIMPO - NLI (N=400, p=2)

o L s s s s o s | )
0 50 200 250 0 5 10 15

00 T
iteration CPU Time [s]

BASE: full implicit matrix

ONERA
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1D nonlinear diffusion equation

numerical results

Convergence analysis (N = 400, p = 3, D = 10%)
Speedup ~ 7.5

——s—— BASE - NLI (N=400, p=3) = BASE - NLI (N=400, p=3)
——=—— SIMPO - NLI (N=400, p=3) ——=—— SIMPO - NLI (N=400, p=3)

10 710“
107 107"

T PR s Fww T S n
S0 100 150 200 250 500 350 400 3 g 10 15 2
iteration CPU Time [s]

BASE: full implicit matrix

T L ONERA
SIMPO: simplified implicit matrix with pgjm, = 0 ———
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1D nonlinear diffusion equation

numerical results

Convergence analysis (N = 400, p = 4, D = 10%)
Speedup ~ 10

= BASE - NLI (N=400, p=4)
——=— SIMPO - NLI (N=400, p=4)

= BASE - NLI (N=400, p=4)
——=—— SIMPO - NLI (N=400, p=4)
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CPU Time [s]

700
iteration

BASE: full implicit matrix

ONERA

SIMPO: simplified implicit matrix with pgjm, = 0
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Numerical experiments

2D nonlinear diffusion equation

model problem

ou

5 V- (B(u)Vu) = s(x,y) inQx(0,00)
u(x,y,0) = 0 inQ
u(x,y,t) = 0 on 9

with B(u) = ve’l with v >0
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2D nonlinear diffusion equation

numerical results

Error analysis for 1 < p < 4 and D = 10°
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(p) BASE (q) SIMP

BASE: full implicit matrix
SIMPQ: simplified implicit matrix with pgjm, = 0
SIMP1: simplified implicit matrix with pgmp =1 (p = 4)

ONERA

@ Arnold et al., SIAM J. Numer. Ana., 39(5), 2002.
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2D nonlinear diffusion equation

numerical results

Convergence analysis (N = 3200, p=1, D = 10%)
Speedup ~ 0.5

W0 s BASE NUI(N=3200, p=1) WEy ——=—— BASE NLI(N=3200, p=1)
——=—— SIMPO - NLI (N=3200, p=1) \ ——=—— SIMPO - NLI (N=3200, p=1)
\

7
CPU time [5]

BASE: full implicit matrix
SIMPO: simplified implicit matrix with pgjm, = 0
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2D nonlinear diffusion equation

numerical results

Convergence analysis (N = 3200, p =2, D = 10%)
Speedup ~ 1.5
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BASE: full implicit matrix
SIMPO: simplified implicit matrix with pgjm, = 0
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P 2D nonlinear diffusion equation

2D nonlinear diffusion equation

numerical results

Convergence analysis (N = 3200, p = 3, D = 10%)
Speedup ~ 4

10'g ——=—— BASE - NLI (N=3200, p=3) £ - NI (N=3200, p=3)
——=— SIMPO - NLI (N=3200, p=3)

——=— SIMPO - NLI (N=3200, p=3)
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iteration CPU time [s]
BASE: full implicit matrix
SIMPQ: simplified implicit matrix with pgjm, = 0 ONERA
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2D nonlinear diffusion equation

numerical results

Convergence analysis (N = 3200, p = 4, D = 10%)

Speedup ~ 4.5

or e BASE-NLI (N=3200,p=4) e BASE NI (N=3200, p=)
——— SIMPO-NLI(N=3200,p=4) T SiMpo- LI (=320, ped)
h\w.,n“qﬂ%“’ ——— SIMP1-NLI(N=3200, p=4) T SIMP-NLI(N=3200, p4)
107 100
w®
n
10

N

PT f:

i
ol ",
10° ) 10°
e o

|
100 T T S IV TRV T OTT
0 50 100 150 200 250 300 30 400 450
CPU time

U time [s]

00
iteration

BASE: full implicit matrix
SIMPO: simplified implicit matrix with pgjmp =0
ONERA
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Numerical experiments 2D nonlinear diffusion equation

2D nonlinear diffusion equation

numerical results

Mesh size effect (p = 3, D = 10%)

N | 1250 1800 3200
Speedup ‘ 2.5 3 4
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BASE: full implicit matrix
SIMPO: simplified implicit matrix with pgjm, = 0
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Summary and outlook

@ Derived a fast time implicit discretization procedure for high-order DG method:
e mode uncoupling between adjacent elements

o implicit treatment for low order modes
e local reconstruction of high order modes

@ Application to nonlinear 1D & 2D scalar equations:
e convergence acceleration
o speedup increases with p and N

@ Outlook:

e independent of the DG method (sucessfully applied to BR1 scheme)
o storage reduction with matrix-free reconstruction

e application to hyperbolic problems

e extension to systems of conservation laws

@ Bassi & Rebay, J. Comp. Phys., 131(2), 1997.
T. Dairay, MSc Thesis (supervisor: F. Renac), ONERA, 2010.
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Thank you for your attention
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