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Motivation and goal

DG method:

compact stencil: well-suited for unstructured meshes, algorithm
parallelization, BC application.
time explicit discretization: strongest CFL restriction associated to
parabolic term
time implicit discretization: high computational cost induced by the
large number of DOFs in practical app. (e.g. 3D Navier-Stokes eq.)

Aim:

e�cient implicit procedure for the DG method:

uncoupling of low order DOFs in each element
reconstruction of higher order DOFs

application to steady solution of nonlinear parabolic equations
numerical experiments with BR2 scheme

Bassi et al., 2nd ETC, Antwerpen, 1997.
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Nonlinear di�usion equation
model problem

Consider the elliptic problem

−∇ · (B(x, u)∇u) = s(x) in Ω ⊂ Rd (1)

with B(x, u) a nonlinear function of u ∈ R and BCs on ∂Ω = ΓD ∪ ΓN :

u = uD on ΓD

∇u · n = gN on ΓN

We solve (1) with a fast time marching method:

ut −∇ · (B(x, u)∇u) = s(x) in Ω× (0,∞) (2)

and IC
u(x, 0) = u0(x) in Ω
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entropy solution

U(u) is an entropy function for (2) if

Uuu > 0
U satis�es

B(x, u) = UuuC(x)

where C ∈ Rd×d is a positive de�nite matrix

Introduce the change of variable u(v) s.t.

Uuuuv = 1

one obtains the following linear (in space) parabolic problem for v :

u(v)t −∇ · (C(x)∇v) = s(x) in Ω× (0,∞)
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Space discretization
discrete weak form

Partition of Ω:

Ωh =
N[
j=1

Ωj

Function space of discontinuous polynomials:

Vp

h
= {ϕ ∈ L2(Ωh) : ϕ|Ωj

∈ Pp(Ωj ), j = 1,N}

with

Pp(Ωj ) = {ϕ ∈ L2(Ωj ) : ϕ(x , y) =

NpX
l=0

αlφl (x , y)}

We look for a numerical approximation of the solution vh ∈ Vp

h
:

vh(x, t) =

NpX
l=1

φl (x)V l
j (t) ∀x ∈ Ωj , t ∈ (0,∞)

Remark: number of DOFs per discretization element:

Np =


p + 1 if d = 1
(p+1)(p+2)

2
if d = 2

florent.renac@onera.fr Implicit DG with reduced evaluation costs 7/30

mailto:florent.renac@onera.fr


THE FRENCH AEROSPACE LAB

Equations and Numerical Approach
Numerical experiments
Summary and outlook

Nonlinear di�usion equation
Entropy solution
Space discretization
Implicit procedure

Space discretization
BR2 scheme

Numerical approximation of the weak formulation: ∀k = 1, . . . ,NpZ
Ωj

φku(vh)tdx +

Z
Ωj

(Cθh) · ∇φkdx−
I

∂Ωj

φkhvdS =

Z
Ωj

φk s(x)dx

lifting operators

θh , ∇vh + Rh

hv = C{∇vh + r
σ
h
} · n

with
Rh ,

X
σ∈∂Ωj

r
σ
h

∀x ∈ Ωj

andZ
Ω+∪Ω−

φrσ
h
dV = −

Z
σ
{φ}(v+

h
− v−

h
)ndS

mean operator

  

Ω+
Ω-

n

vh+vh-

{q} =
q+ + q−

2
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Time discretization
backward Euler scheme

Semi-discrete equation:

M
dV

dt
+ R(V) = 0

Mass matrix:

Mkl =

Z
Ωj

φkφluv (vh)dx

Backward Euler scheme:

A(V(n+1) − V
(n)) + R(V(n)) = 0

with V
(n) = V(n∆t) and A the implicit matrix:

A =
1

∆t
M+

∂R

∂V

Remark: A is an unsymmetric real square matrix of size NDOF = N × Np.
Hence matrix inversion is a O(N3

DOF ) process
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Implicit procedure
evaluation cost reduction (1/2)

Basics:

implicit matrix coefs represent coupling between DOFs

coupling appears through numerical �ux f̂v h(v
+
h , v−h )

Lowering coupling between modes by:

1 low order problem resolution: modes s.t. 0 ≤ q ≤ psimp

2 reconstruction of higher modes s.t. psimp < q ≤ p

1D example for p = 2 and psimp = 0:

x

vh

xj+½xj-½

Ω+

+

+

=

+

+

=

Ω-

(a) full coupling

x

vh

xj+½xj-½

Ω+ Ω-

(b) reduced coupling
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Implicit procedure
evaluation cost reduction (2/2)

Resolution algorithm:

1 low order problem resolution:

~A(~V(n+1) − ~V
(n)) = −~R(V(n))

with ~V = (V0, . . . ,Vpsimp )

2 local reconstruction of higher modes:

V
q(n+1)

= V
q(~V(n+1),Vq(n)

) , psimp + 1 ≤ q ≤ p

1D example for p = 2 and psimp = 0:

x

vh

xj+½xj-½

Ω+ Ω-
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Implicit procedure
operation count

Remark: ~A is a square matrix of size Nsimp = N × Npsimp
:

matrix inversion is a O(N3

simp) process

higher DOFs reconstruction is a O(N2

DOF ) process

FLOPs reduction for matrix inversion:

N3

DOF

N3

simp + N2

DOF

∼
“ Np

Npsimp

”
3

when N large
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Methods comparison
Von Neumann analysis for the 1D heat equation with periodic BCs

Ampli�cation matrix eigenspectra for p = 1 and D = ν∆t
∆x2

= 103:

-1.0 -0.5 0.5 1.0

-1.0

-0.5

0.5

1.0

(d) BASE

-1.0 -0.5 0.5 1.0

-1.0

-0.5

0.5

1.0

(e) SIMP

BASE: full implicit matrix

SIMP: simpli�ed implicit matrix with psimp = 0
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1D nonlinear di�usion equation
model problem

Equation:

∂u

∂t
− ν

∂2B(u)

∂x2
= 1 + sin 2πx in (0, 1)× (0,∞)

u(x , 0) = u0(x) on [0, 1]

u(0, t) = 0

u(1, t) = log 3

with ν > 0 and B(u) = eu − 1

lim
t→∞

u(x , t) = log
“
1 +

`
2 +

1

2ν

´
x − x2

2ν
+

sin 2πx

4π2ν

”
Partition of the segment:

Ωh =
N[
j=1

h
(j − 1)∆x , j∆x

i
, ∆x =

1

N
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Error analysis for 1 ≤ p ≤ 5 and D = 103

∆x

||u
-u

h|
| L2
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10-1

DG(1) BASE - NLI
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DG(3) BASE - NLI
DG(4) BASE - NLI
DG(5) BASE - NLI

∼∆ x2

∼∆ x3

∼∆ x4

∼∆ x5

∼∆ x6

(f) BASE

∆x

||u
-u

h|
| L2
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DG(5) SIMP0 - NLI

∼∆ x2

∼∆ x3

∼∆ x4

∼∆ x5

∼∆ x6

(g) SIMP0

BASE: full implicit matrix

SIMP0: simpli�ed implicit matrix with psimp = 0

NLI: nonlinear

Arnold et al., SIAM J. Numer. Ana., 39(5), 2002.
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Convergence analysis (N = 400, p = 1, D = 103)
Speedup ' 2.25

iteration
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BASE: full implicit matrix

SIMP0: simpli�ed implicit matrix with psimp = 0
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Convergence analysis (N = 400, p = 2, D = 103)
Speedup ' 5

iteration
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BASE: full implicit matrix

SIMP0: simpli�ed implicit matrix with psimp = 0
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Convergence analysis (N = 400, p = 3, D = 103)
Speedup ' 7.5

iteration
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BASE: full implicit matrix

SIMP0: simpli�ed implicit matrix with psimp = 0
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Convergence analysis (N = 400, p = 4, D = 103)
Speedup ' 10

iteration
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BASE: full implicit matrix

SIMP0: simpli�ed implicit matrix with psimp = 0
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∂u

∂t
−∇ · (B(u)∇u) = s(x , y) in Ω× (0,∞)

u(x , y , 0) = 0 in Ω

u(x , y , t) = 0 on ∂Ω

with B(u) = νeuI with ν > 0
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Error analysis for 1 ≤ p ≤ 4 and D = 103

∆x

||u
-u

h|
| L2

0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
10-8

10-7

10-6

10-5

10-4

10-3

10-2

DG(1) BASE - NLI
DG(2) BASE - NLI
DG(3) BASE - NLI
DG(4) BASE - NLI

∼∆ x2

∼∆ x4

∼∆ x5

∼∆ x2

∼∆ x4

∼∆ x5

∼∆ x3

∼∆ x2

∼∆ x4

∼∆ x5

∼∆ x2

∼∆ x4

∼∆ x5
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(q) SIMP

BASE: full implicit matrix

SIMP0: simpli�ed implicit matrix with psimp = 0

SIMP1: simpli�ed implicit matrix with psimp = 1 (p = 4)

Arnold et al., SIAM J. Numer. Ana., 39(5), 2002.
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Convergence analysis (N = 3200, p = 1, D = 103)
Speedup ' 0.5

iteration
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SIMP0: simpli�ed implicit matrix with psimp = 0
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Convergence analysis (N = 3200, p = 2, D = 103)
Speedup ' 1.5
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Convergence analysis (N = 3200, p = 3, D = 103)
Speedup ' 4
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Convergence analysis (N = 3200, p = 4, D = 103)
Speedup ' 4.5
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BASE: full implicit matrix

SIMP0: simpli�ed implicit matrix with psimp = 0

SIMP1: simpli�ed implicit matrix with psimp = 1
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Mesh size e�ect (p = 3, D = 103)

N 1250 1800 3200

Speedup 2.5 3 4
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Summary and outlook

Derived a fast time implicit discretization procedure for high-order DG method:

mode uncoupling between adjacent elements
implicit treatment for low order modes
local reconstruction of high order modes

Application to nonlinear 1D & 2D scalar equations:

convergence acceleration
speedup increases with p and N

Outlook:

independent of the DG method (sucessfully applied to BR1 scheme)
storage reduction with matrix-free reconstruction
application to hyperbolic problems
extension to systems of conservation laws

Bassi & Rebay, J. Comp. Phys., 131(2), 1997.

T. Dairay, MSc Thesis (supervisor: F. Renac), ONERA, 2010.
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Thank you for your attention
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