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kernel-phase for high 
angular resolution imaging



Strong legacy of the early days...

the 2-telescope 
interferometer remains
the elementary brick of 

larger arrays

MATISSE:
- 4-beam combiner
- 6 baselines
- 3 closure triangles

Lopez et al.



Even rich recombiners ...

Aperture mask:
- 9-beam combiner
- 36 baselines
- 24 closure triangles

Perrin et al, 2006

... live under the rule of non-redundancy

FIRST:
- 36-beam combiner
- spatial filtering
- fiber remapping



Φ(1-2) = Φ(1-2)0 + (Φ1-Φ2)
Φ(2-3) = Φ(2-3)0 + (Φ2-Φ3)
Φ(3-1) = Φ(3-1)0 + (Φ3-Φ1)

Jennison, 1958, MNRAS, 118, 276

To take advantage of self-calibration

the closure-phase:



Kraus & Ireland, 2012, ApJ, 745, 5

1. High contrast detection near the diffraction limit

To what end?



The self-calibration properties of closure 
phase make NRM “bullet-proof”
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NRM onboard JWST in the NIRISS instrument.

Sivaramakrishnan et al,  Astro2010T, 40



uv-planeinterferogram
imagepupil

But very rich combiner exist...

Redundancy rules



non-
redondant

full
aperture

Φj = Φ0j + 1 Δφ

Φj = Φ0j + Arg(Σej Δφi)

 Φj = Φ0j + 1/nj Σi Δφi

with AO, the phase can be linearized 



Φ(1-2) = Φ(1-2)0 + (φ1-φ2)
Φ(2-3) = Φ(2-3)0 + (φ2-φ3)
Φ(3-1) = Φ(3-1)0 + (φ3-φ1)

Φ Φ0= + φ
1 -1 0
0 1 -1
-1 0 1

×

C =  1 1 1The closure 
phase: Cϕ = Cϕ0

Φ Φ0= + φA ×

measured
Fourier
phase 

true
Fourier
phase

phase
transfer
matrix

pupil
wavefront

errors



Φ Φ0= + φA ×

measured unknown unknownknown



Φ = ΦO + A.φ

K ϕ = K ϕo + K A φ
K ϕ = K ϕo
(kernel-phase)

Martinache, 2013, PASP, 125, 422

Martinache, 2010, ApJ, 724, 464

φ = A-1 . (ϕ-ϕo)
(eigen-phase)

It is all about exploiting the properties of A



Pope et al, 2014, MNRAS, 440, 125

FYI:  cophasing JWST



Data analysis

1. Build a instrument model => A
2. Find the Kernel of A: K

PHARO P3K
α Oph (Ks)

3. Fourier Transform each image
4. Extract phase ϕ

5. Multiply K ϕ: you are done!

Additionally:
- statistics
- model the data (e.g. binary)
- determine contrast limits

http://code.google.com/p/pysco/

https://code.google.com/p/pysco/
https://code.google.com/p/pysco/


First ground based Ker-phase detection

- Separation:       131.4 +/- 0.9 mas
- Position Angle:   86.0 +/- 0.2 deg
- Contrast:           19.7 +/- 0.4

Data, courtesy of S. Hinkley

Pope et al, 2015, in prep

Hinkley et al, 2011, ApJ, 726, 104



0 50 100 150
 

0

50

100

150

 

 NICMOS Image

0 50 100 150
 

0

50

100

150

 

 (u,v)-plane Ker-phase histogram

-200 -100 0 100 200
Ker-phases (degree)

0

10

20

30

40

50

60

70

# 
in

 b
in

Calibrator
Binary (GJ164)

GJ 164 Ker-phases

-200 -100 0 100 200
Kernel-phases (degrees)

-200

-100

0

100

200

Be
st

 fi
t b

in
ar

y 
m

od
el

 (d
eg

re
e)

Re-analysis of NICMOS I data

Martinache, 2010, ApJ, 724, 464

Data @ 1.9 μm (λ/D=150 mas)

A ~10:1 contrast companion to a nearby M-
dwarf identified with milli-arc-second 
precision at 0.5 λ/D

Separation: 140 mas
Contrast: 2.4:1

Pope et al, 2013, ApJ, 767, 110

Separation: 64 mas
Contrast: 2.2:1

Original survey:
Reid et al, 2006, 2008

Revisit ~ 80 brown dwarfs 
observed with HST/NIC1 in 
the F110W and F170M filters

- Doubled the fraction of 
known L-dwarf binary 
systems
- Improved astrometry x10

Grant HST-AR-12849.01-A
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Fig. 3.— The effect of photon-noise on Kernel-phase detections,

based on a simulated photon-limited image with 106 photons taken

with the unobstructed Keck telescope in the Lp filter. The de-

creased number of photons far from the PSF core means that

Kernel-phases sensitive to these spatial locations have smaller er-

rors, increasing the achievable contrast. This contrast increase

agonalized by the finite-dimensional spectral theorem:

ST ·D · S = CK = Ko ·C ·KT
o . (21)

The matrix S is then a unitary matrix which allows
us to construct a set of statistically independent kernel
phases based on a new kernel-phase operator KS :

θS = KS · Φ = S ·Ko · Φ. (22)

As an example of the utility of this approach, I have
simulated the effects of photon-noise on Kernel-phase
contrast limits, as shown in Figure 3. The contrast
standard deviation was estimated by first estimating the
standard deviation of each Kernel-phase (i.e. neglect-
ing covariances), forming a vector σθ, then computing
the contrast error using standard formulae for weighted
averages:

mθ =K ·mΦ (23)

σ2
c =1/Σ

m2
θ

σ2
θ

(24)

Here mΦ is the model phase divided by the contrast in
the high-conrast limit, e.g. for a 100:1 brightness ratio
companion, the phase would be approximated well by
0.01mΦ.

3.2. Closure-phase Correlations in Aperture-Masking
Interferometry

One of the more confusing aspects of aperture-masking
data analysis is knowing what to do with a linearly de-
pendent set of closure-phases. Simply choosing an arbi-
trary independent set of closure-phases for the purpose
of modelling is not possible without a full consideration

of the covariance matrix. If one considers only the sim-
plest forms of closure-phase errors, namely that due to
readout-noise, then the problem of modelling the covari-
ance matrix is not difficult. However, there are many
other kinds of errors that can cause correlations between
closure-phase errors.
Previous work has either gone to great lengths to diag-

onalize the measured covariance matrix of closure-phase
(e.g. Kraus et al. 2008) or has made an approximate scal-
ing of fitting errors to account for the closure-phase cor-
relations (e.g. Hinkley et al. 2011). The difficulty in any
approach based on real data is that the sample covari-
ance matrix must be modelled, and can not in general
be modelled from the data. The reason for this is that
where there are fewer data frames taken than indepen-
dent closure-phases, the sample covariance matrix is nec-
essarily singular.
These difficulties are all avoided if rather than consid-

ering closure-phases as a primary observable, the linear
combinations that make the kernel-phases are seen as the
primary observables. This has added benefits of being
able to extend the aperture-mask technique to consid-
ering baselines within each sub-aperture (consequently
extending the usable field of view) and using the same
language for all adaptive optics image analysis that is
independent of pupil-plane phase to first order.

4. CALIBRATION STRATEGIES

4.1. Nearest Neighbour Calibration

The simplest calibration technique is to subtract the
kernel-phases from a calibrator observed closest to the
target in time or space. A small extension to this tech-
nique (Evans et al. 2012, e.g.), is to use the average of sev-
eral calibrators observed nearby in time, rejecting outlier
calibrator observations. Outliers are most easily rejected
by looking for calibrators that when used to calibrate the
target, give spuriously large closure-phases. For Nc cal-
ibrators, this amounts to calibrator weightings {ak}Nc

k=1
where each ak is either 0 or 1/Nu, with Nu the number of
calibrators used. There are however, several weaknesses
to this technique:

1. With small numbers of calibrator observations, it is
difficult to avoid subjectivity in the choice to reject
particular calibrators.

2. For particularly noisy calibrator observations and
small systematic kernel phases, this process only
adds noise.

3. All calibrators are weighted evenly, when the op-
timal weighting of individual calibrators may even
be negative.

The third point may not be obvious, and is illustrated
in Figure 4. Whenever calibrators are all on one side
of the calibrator in some space, then optimal calibra-
tion may extrapolate past the position of the calibrators
to the target. This space may be real (such as zenith
distance which produces non-zero kernel phases due to
dispersion) or a one dimensional parameterisation of a
hidden variable describing a variable aberration. This
approach is similar to the potentially negative weight-
ing of astrometric reference stars in precision astrometry
(Lazorenko 2006).

Better than the kernel-phase...

Ireland, 2013, MNRAS, 433, 1718

... are the statistically 
independent kernel-phases!

θ = S.K.ϕ

Requires empirical covariance matrices
Part of a new file exchange standard?



Are new observables really required 
for VLBI?

From I2T to multi-
beam combiner

Tactical benefit:
orthogonal, statistically independent 
observables are the best for model 
fit & image reconstruction

black and white

color!



Interferometric imaging with 
rich aperture

Tuthill et al, 1999, Nature, 398, 487

Beam size

NRM geometry: Golay 12

With kernel-phase, you are no longer 
constrained by non redundancy rules



Full aperture vs annulus

492 segments
972 spatial frequencies
726 kernel-phases (75 %)
Max redundancy: 462
Mean redundancy: 124

78 segments used
972 spatial frequencies
933 kernel-phases (96 %)
Max redundancy: 26
Mean redundancy: 3

Martinache, 2012, SPIE, 8445, 04
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Enough information for direct inversion?

In doing:

K ϕ = K ϕo + K A φ
K ϕ = K ϕo

with a well designed array 
> 95 % of the phase 
information is preserved: 
a pseudo inverse K-1 
works:

ϕo’ = K-1 K ϕ
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Figure 6. Non-parametric maximum entropy (MaxEnt) image reconstruc-

tions fitted to (top) kernel phase and (bottom) raw speckle phase informa-

tion. Blue crosshairs indicate the position of the companion as determined

by the best fit parameters to the kernel phase information. Both methods ob-

tain evidence for binary companions at this position, but the kernel phases

constrain the image reconstruction much more strongly.

we simulate binaries and run them through the pipeline as in Sec-

tion 2.2 to examine whether a bias is introduced by the data analysis

methods themselves.

4.1 Sources of Systematic Bias

The full-aperture observations have failed to deliver contrast val-

ues agreeing with the aperture masking result or established pho-

tometry, instead indicating a system with a ! 30% lower contrast

compared to that found in Table 1, i.e. 20:1 rather than 28:1. The

uncertainties on the Ks band contrast are small, and not unrealis-

tically so given the low levels of noise in the data. One possible

reason for this lower contrast is the nonlinearly distorted intensity

map, as this will make the core seem fainter relative to the compan-

ion than it otherwise should be.

Furthermore, the science target was observed in the middle of

the detector, near the corner of the four CMOS chips which tile

the focal plane. This leads to lines of noise running through the

sides of the PSF. On the other hand, the calibrators were observed

in the middle of each chip (‘dithered’), as is standard practice. The

subtraction of systematic errors from the science data was therefore

imperfect, and in future it will be important to dither the science

source and calibrators identically.

The astrometry is within quoted uncertainties of the values ob-

tained by aperture masking, which is remarkably precise given that

the observations were performed under far from ideal conditions:

on the night these observations were made, the seeing was 1.5" 2

arcseconds, substantially worse than median for Palomar. More-

over, the ghost introduced by the ND filter required inconveniently

aggressive windowing in the image domain, which under more nor-

mal observing conditions would not be necessary. By the convo-

lution theorem, windowing an image is equivalent to convolving

its Fourier transform with a kernel whose dimension is inversely

proportional to that of the window. A narrower window therefore

has a wider convolution kernel, which blurs Fourier phase informa-

tion. This results in both a blurring in the Fourier plane, and affects

estimates of the companion’s contrast ratio, particularly at wider

separations.

In addition to the above instrumental errors, we note that

systematic optical aberrations are likely to remain even after cal-

ibration. By using an ensemble of calibrators as described in

Kraus & Ireland (2012), it is possible to substantially improve the

correction of systematic errors. This is expensive in terms of ob-

serving time, however, and was not possible in the scope of this

work. Residual uncalibrated systematics enter at first order in

phase, and third order in kernel phase, and can introduce statistical

correlations between kernel phase relations which are algebraically

orthogonal. It is possible to diagonalize kernel phases and closure

phases in a Karhunen-Loève basis which properly takes into ac-

count their statistical covariance (Ireland 2013b), but this has not

been possible due to the paucity of phase diversity over these ob-

servations.

4.2 Simulated Kernel Phase Observations

In order to test whether the kernel phase processing itself introduces

a bias into the contrast and separation estimates, we simulated bi-

naries with the same parameters each as the best fit to the kernel

phase full aperture observations and to the Golay 9 hole closure

phase measurements. These simulations use a Kolmogorov atmo-

sphere model tuned to produce a Strehl ratio of 0.8 and a realistic

Palomar medium cross pupil model identical to that used to derive

the kernel phase relations. Model fitting is performed with emcee

as in Section 2.2, with errors on each kernel phase taken to be the

standard deviation across all kernel phases.

In the first case (hereafter Simulation 1), a separation of 131

mas, position angle of 86! and a contrast of 19.7 are used, matching

the best fit parameters to the kernel phase measurements. These are

recovered as a separation of 127.9 mas, position angle 86.25! and

contrast of 23.6. The uncertainties on these measurements are un-

physically small, in accordance with being drawn from a simulation

with only phase noise and no other sources of noise contributing to

the very small errors on each kernel phase, and as such we only

quote the maximum likelihood values. Likewise, for Simulation 2,

we simulated a binary of separation 129.6 mas, 83.5! position an-

gle and 28.7 contrast. The best fit parameters obtained are at Sep

126.1 mas, 83.4! position angle, and contrast 35.2. For ease of ref-

erence, these results are presented in Table 2, and emcee posteriors

in Figures 7 and 8.

It is evident from these fits that the fitting introduces no bias

towards lower contrasts, and in fact in this case we obtain a higher

contrast and slightly lower separation than in the simulation param-

eters, while position angle remains accurate. As is apparent in Fig-

ures 7 and 8, there is some covariance between these parameters

consistent with this offset. As noted in Pope et al. (2013), wave-

length diversity across several filters can help alleviate this degen-

eracy, and we expect that this will be important in future kernel

phase observations.

c! 0000 RAS, MNRAS 000, 000–000

Pope et al, 2015, in prep

Non-parametric image reconstruction from kernel-phase



Initial assumptions revised

Linear approximation relies on small phase errors

Extensive simulations suggest kernel-phase on highly 
redundant aperture is quite robust.

Latyshev, et al, 2015, in prep



 Φj = Φ0j + 1/nj Σi ΔφiΦj = Φ0j + Arg(Σej Δφi)

Original linearization for small instrumental phase:

Possible example of extension:

Φj(λ)= Φ0j (λ)+ Arg(Σ exp(i2πδ/λ))

Arg (γj(λ1)× γ*j(λ2)) = ∆Φ0(λ1,λ2) + 1/n Σ [2πδj/Λ0]

alternate linearization scheme:

The same linear model holds for differential phase
Possible applications: visible ELT camera?

Work in
 progress
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