This appendix is the proof of Theorem 1 of paper
“M. Boyer, Half-modeling of shaping in FIFO net with net-
work calculus. InProceedings of the of the 18th Inter-
national Conference on Real-Time and Network Systems,
Toulouse, France, November 2010.”

A Proof of Theorem[1

To prove equality[(23), as presented in the sketch of

proof, we first have to restrict the value domain of the
variables (eql{24)).

The second step consists in having an expression of theA

delay to minimisej.e. that the second term df (24)) can be
reduced into[(25).

The last  step is the application  of
Lemma 5, which reduces expression

infzizo {Z?:l xr; + \/?:1 [bl — ai;pi]""}.
A.1 First step: reducing the variable range

1. We are first going to restrict tile domainj.e. proving
eq.[2%).

Let us first show two intermediate results.

@Ve e [0,T1 + &6,
Brymy Lz01y < Brymy Lisgy

PROOF First, notice that, < T, <= 6, <
b .
Ty + 4. Andif 6, < Ty, thenﬂRll_’Telljlb@l} =
Bryry - the test term is useless, we are handling
1
simple rate-latencyr r functions. Furthermore,
T <T' = Brr = Brr. SinceTy is a de-
creasing function of,, we havev6, € [0,T; +
2173, < T} . Tosumupi6y € [0, 71 + 7] :

ﬁR’l,Tell L9,y = ﬁR’l,Tell < ﬁRg,Téll = ﬁR’l,Téll
| |

(b) g =g = h(f,g+h) <h(f,g=*h).

PROOF We know thatf > g > ¢’ = h(f,g) <
h(f,g"). We also know that convolution is iso-

tone on wide-sense increasing functions, that is

tosayg =g =g=h>=g=h). n

With previous results, we know that, for all sets

of value #y,...,60,, if 6, < 6, = T, + L
then  A(N\; ¥ribi, 721 Bre 1 Li=0.3) >

RN Yribs Bry L=,y *iza Brymy, L(=g,})-

11

Then, we can restrict the research of the minimum to
values off > T + -, i.e.

inf

h o by * ’ i 11 . =
vie[1,n]:0; >0 (/Z.\%“b‘ iﬁRi’Tﬂi >6.3)

inf
61 =T+ Vie[2,n]:0: 20

h(/\ Vrisbis T ﬁR;,Té‘i 11{>9i})

(26)

2. We can iterate the previous step to restrict the same
way domains of); to 6,,.

.2 Expression of delay

This proof uses a different way than [18]: they are using

the pseudo-inverse of the functietj_, BR;_’T; 1{>¢,}, and

we are using the distributivity of the distribufivity of mon
delay.

We first apply[(#) on each serv&r. Then, eact$; offers

to flow R a residual servicg?: = Bryri L=,y With R} =

. R, T;+b. —r'9;
R; —rjandT = ———g—t 7'+R; nZi

Then, the delay of R is the same as if it was

traversing an unique server of service cugfe - =

71 Br;1i L0,y and from Lemma[]3 300 =
Osi s ouvriy A Nica Bry s o, 10,51+

The horizontal delay can be
decomposed using Lemma O 4.

RN Yris B20) = h(/\i%“i,bw62;‘:1(07;ngi)) v
Vil vrivis Bry s 0, Vg, =10, 1+ )

From Lemmall, we have an expression for the delay. Let

E; =min{j|r; < R; —ri}.

V{3505 v T =10 - TE]* +

this casesy; > Ty, [0; — T; ]t =

Then, h(/A; Yr b 67 %) Yl v Tg]t v
Yg!
7T,

. . !
We are only intersted in values 6f > T; + g— In
0. _Pp.T. b )
73191}%.311 Y% and the
i—T

7
i

expression be simplified.

Then, under assumptiadh > T; + % we can rewrite the

delay:

n
R(/\ Vribe & Bry i Lz0.y)
. _ :

Yx,
R UE
i

)

— X

Ri—Tl- ¢




with variable substitutiof, = 6; — (T; + = ) it becomes
n n / / +
i Yk, — R;0;
:\/{<29;+TJ+R—J>+[ VT —xk;] }
i=1 j=1 - v g

Then, looking for thénf of such expression leads to:

inf h{ /A ¥ 1
we[l}}}]:eizo ; %i’b“iiﬁR%’Te}i 03 ) =

(Zzl T + E)

+ inf
vie[1,n]:0/ >0 \/

i=1

A.3 Laststep

Here comes the last proof: giving an analytical solution
to theinf term in [25). Abstracting from the specific net-
work calculus problem, we are solving

1nf {Z T; + \/ — a;x;] } (27)
. . Yyt —(Ri—r7)z
with a; = Rii > 1andb; = ki,k >0 ().

1,77‘1’

Then, using Lemm@al 5, we can compute the infimum of
this expression. This is a generalisation of what is done in
[18], where allb; have the same value.

So, using Lemmals, ", £ > 1, then, the delay
value is
" r— Ri —rHx ’
2 yki ( 7,) km (28)
. R;
1=1
Otherwise, the index must be re-ordered. let:

[1,n] — [1,n] be a permutation such thafb,))

lqet def
} In this case, the delay

is a wide-sense
min {p(z) ‘ 1>3;

6The fact that thesels; are non negative come from the definitions of
E.: itis the smaller index such that the slopes betefe is greater than

(R; —r}). ltimplies thaty,, > (R; — )z,

increasing sequence.
n p(i)+1 R —r!
j=1

12

value is

Z Yk —

p(i)<k

Ri—TI-

R;

1=

p(i)<k

A.4 A usefull Lemma on specific inf

Lemma 5 (inf, >0 {Zz i+ Vi [ a1w1]+})
LetbeVie[l,n]:b; >0,a; > 1. V\bcan assume, without
loss of generality, that the b; are sorted in non decreasing
order (b; < b;+1). Then

2 TG
o - (29)
2 4 by (1 - Z —) otherwise
j=k 4 =k Y
Withkdéfmax{i‘lzzyzmij}. .

This lemma have been solved in [18] in a more specific

T mfsevi)

pi = 0. This problem can be also written,

o — pir!
Pt = pi

inf
/=0

(30)

witho > 0,p" > p
in a more general waynf, /o { >, 7,

\/ I:u U»LT Q
with u > 0 v;, w; > 0 This problem is equivalent tg_(29),
withu = 1, b; o i , except the cask, =
So, we redo the proof to see |f the null case could makes a
difference. It does not. Here is the proof.
In the following, z will denotes a vector ofi values

(z1,...,2p), and f(z) = f(@1,...,2n) = D0 T +
Vi, [bi — a1x1]+. We are looking for the minimum for
fonRL,.

Except for stefp]l, this proof is a clone of the one of [18],
generalised to handle different valuedgf

{ZT\/n }
st (o)

1. inf
0<x;

xr; +



PROOF They are two contradictory terms in this ex-
pression: Y, | z; increases with any;, and terms
b; — a;x; decreases. More formally, for any vector of
valuez = (z1,...,x,) with somez; > Z— then, it
existz’ = (1,..., -1, 2, 2i41,...,2,) such that

f(@) < f(z). "

We have done exactly the same kind of proof for (24).

In [18], this is done in a different way: they first study
the cas® < x; < 2 (whichis “Case 10 < pir/ < ¢

for anyi.”)
n n
inf f(z)= /\ inf Z z; + b — a;x;
OSI'LS% jzleX]‘ izl

df _ . )
with X, {:17 e Ry |Vi:a; < & andb; — aiz; < bj — a4z,

4, Oigi {Z T + \/ — a; ;] } =

PrROOF Another definition of X; could be
{f |Vi:a; < 2 andb; — ajo; = \/{y ai — bigci}.

It  obviously that Jj_, X; =
{# e Reg|Vi:w < &} Then

comes

The X are just a renaming of thE; of [18].

n
. inf T, +b; —a;x; =
mexj{; i 0j j J}

n bi — b, D
inf [7] + ajx]:l +b; —ajz;

by
O<z,; <>

Qi
a; 1=1 v

ProoF Considerz; as a constant. This function in-
creases with any; (i # j). Then, itsinf is reached
with the smallest values of each in the interval
range.

0 < bl — Q;T; < bj —Qa;T;
— — ig—aixigbj—bi—ajxj
a; Q;

We also known that; > 0. Then, the minimal value

bitaw 1t
for eachz; is [bb;ﬂ] , and eachr; # z; can
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be replaced by this value.

n
inf E:E-+b-—a-x- =
zeX; {il ’ ’ ! '7}

n +
. b; —bj +ajx;
inf [M] +x; +b; —ajx;
by Qa; ’
0sz;<37 i=1 g
bij
Notice thatr; = %=1 then it comes.
n +
. b; —bj +ajx;
inf [M] +0b; —a;z; m
i=1

b, a:
0<e, < 2b 4 i
TS5

n bz _ +
inf [ x] +x
1

0<z<by, a;
1=

PROOF In the previous steps we have reduced

the problem inf {Z T + \/ aixi]+} into

0<z;
=1

n mn +
Ao S B

75’-
azl

Let us redefine the independent variableinto
bj —ajx;. We haved < z; < Z—J = 0= —aqjz; 2
N ) J

—b; = b; > T = 0. Then

n 1. D s
inf Z [7[)1 b.7+a]l']:| +b;—ajz;

b U
j=1 OSszG—]ji:1 v

n n b; — ' +
inf J +
Aty 2P0 e

j=1"""37V 4=1

But there is no need to keepdifferent variables:’;,
since they is no dependency between them: they ap-
pear into different subterms. Let us denote simply
r = x;. The term then becomes

n b — +
. f 7
SlnstZ[ @ ] +x

g 0sesby 7
written asA\’_, info<z<p, f(2) with

def n b —x + . .
flx) = X [a—] + z function. This is al-
ways the same expression which is studied, on in-
tervals [0,5;]. But, the infimum is of course meet
on the larger intervalj.e. /\?zlinfoswgbj flz) =
infocz<yr b, f(2) = infosess, f(2) ]

n

J
It can be re-



We now have a piecewise linear continuous function,
whose minimum must be found.

n bZ _ +
inf [ v ] + T =
1

0<z<by, iz a;
Z = it 3, o <1
n bj n 1 .
Z 1= Z — ) otherwise
~ a; = 4
=k j=k
. def . n 1
with k& '= max {Z ‘1 =i Z}

PROOF We have to find the minimum o, b,,] of the
+
piecewise linear functioffi(z )def S [b;””] +x.

Thex termis increasing, and ea ﬁa;z] ! is decreas-
ing up tob;. Let us definéy = 0.

On each interval[b;_1,b;], the function value is
' 2= 4, and its slope ig — > "

gza

j=1 a] -
If 3" L < 1, then, the function is wide sense in-
=1 a;

creasing, and the minimum is reachedrat 0 (and
the value s}

i=1 a;
Otherwise, the functions is decreasing, up to an in-
flexion pointb,, where is began to increase (we know
that is can not be always decreasing: on last interval,
[br—1,br] the slope value i$ — -1, and alla; > 1.
Let bek < max {2 1= al} Then, the func-

J
tion f reaches its minimum &}, and its value is

nbj—bk b:nb_J ) ni
|

= 24y il
Jz;cj+k( §a>

It should be noticed that, with conventieg = o,
by = O both formulas for caseg?:1 ai < 1 and
- J

n
Y.j=1 - > lareequivalents.
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