
This appendix is the proof of Theorem 1 of paper
“M. Boyer, Half-modeling of shaping in FIFO net with net-
work calculus. InProceedings of the of the 18th Inter-
national Conference on Real-Time and Network Systems,
Toulouse, France, November 2010.”

A Proof of Theorem 1

To prove equality (23), as presented in the sketch of
proof, we first have to restrict the value domain of theθi
variables (eq. (24)).

The second step consists in having an expression of the
delay to minimise,i.e. that the second term of (24)) can be
reduced into (25).

The last step is the application of
Lemma 5, which reduces expression

infxi¥0

!°n

i�1
xi ��n

i�1
rbi � aixis�).

A.1 First step: reducing the variable range

1. We are first going to restrict theθ1 domain,i.e. proving
eq.(24).

Let us first show two intermediate results.

(a) �θ1 P r0, T1 � b1
R1

s, 9θ1 � T1 � b1
R1

:
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PROOF First, notice thatθ1 ¤ T 1

θ1
ðñ θ1 ¤

T1� b1
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. And if θ1 ¤ T 1

θ1
, thenβR1
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1t¡θ1u �
βR1

1
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θ1

, the test term is useless, we are handling

simple rate-latencyβR,T functions. Furthermore,
T ¤ T 1 ñ βR,T ¥ βR,T 1 . SinceT 1

θ1
is a de-

creasing function ofθ1, we have�θ1 P r0, T1 �
b1
R1

s, T 1

θ1
¤ T 19θ1 . To sum up�θ1 P r0, T1 � b1
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(b) g ¥ g1 ñ hpf, g � hq ¤ hpf, g � hq.
PROOF We know thatf ¥ g ¥ g1 ñ hpf, gq ¤
hpf, g1q. We also know that convolution is iso-
tone on wide-sense increasing functions, that is
to say,g ¥ g1 ñ g � h ¥ g � hq. �

With previous results, we know that, for all sets
of value θ1, . . . , θn, if θ1 ¤ 9θ1 � T1 � b1

R1

,
then hp�i γri,bi ,�n

i�1
βR1

i
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i�2
βR1

i
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1t¡θiuq.

Then, we can restrict the research of the minimum to
values ofθ ¥ T1 � b1

R1

, i.e.

inf�iPr1,ns:θi¥0
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inf

θ1¥T1� b1
R1

,�iPr2,ns:θi¥0

hp©
i

γri,bi ,�
i
βR1

i
,T i

θi

1t¡θiuq
(26)

2. We can iterate the previous step to restrict the same
way domains ofθ2 to θn.

A.2 Expression of delay

This proof uses a different way than [18]: they are using
the pseudo-inverse of the function�n

i�1
βR1

i
,T i

θi

1t¡θiu, and

we are using the distributivity of the distributivity of minon
delay.

We first apply (4) on each serverSi. Then, eachSi offers
to flowR a residual serviceβθi

i � βR1
i
,T i

θi

1t¡θiu with R1
i �

Ri � r1i andT i
θi
� RiTi�b1i�r1iθi

R1
i

.
Then, the delay ofR is the same as if it was

traversing an unique server of service curveβθ1,...,θn ��n
i�1

βR1
i
,T i

θi

1t¡θiu and from Lemma 3βθ1,...,θn �
δ°n

i�1
pθi_T i

θi
q ^�n

i�1
β
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,p°n

i�j θj_T
j

θj
q�rθi�T i

θi
s�

The horizontal delay can be
decomposed using Lemma 4.
hp�i γri,bi , β

θ1,...,θnq � hp�i γri,bi , δ
°

n
i�1

pθi_T i
θi
qq _�

i hp�i γri,bi , βR1
i
,p°n

i�j θj_T
j

θj
q�rθi�T i

θi
s�q.

From Lemma 1, we have an expression for the delay. Let
k1i � min tj rj ¤ Ri � r1iu.

Then, hp�i γri,bi , β
θ1,...,θnq � °n

i�1
rθi _ T i

θi
s� _�

i

!°n

j�1
rθj _ T

j
θj
s� � rθi � T i

θi
s� � yk1

i

R1
i

� xk1
i

)
We are only intersted in values ofθi ¥ Ti � b1i

Ri
. In

this cases,θi ¥ T i
θi

, rθi � T i
θi
s� � Riθi�RiTi�b1i

Ri�r1
i

and the
expression be simplified.

Then, under assumptionθi ¥ Ti� b1i
Ri

we can rewrite the
delay:
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1t¡θiuq� ņ
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i
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+� ņ

j�1

θj _ nª
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ņ

i�j

θj

�� RiTi � b1i � yk1i �Riθi

Ri � r1i � xk1i+� nª
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ņ

j�1

θj
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i
�Riθi
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with variable substitutionθ1i � θi � pTi � b1i
Ri
q it becomes� nª

i�1

#�
ņ

j�1

θ1j � Tj � b1j
Rj

�� �yk1i �Riθ
1
i

Ri � r1i � xk1
i

��+�� ņ
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Tj � b1j
Rj

�� nª
i�1

#�
ņ
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θ1j�� �yk1i �Riθ
1
i

Ri � r1i � xk1
i

��+
Then, looking for theinf of such expression leads to:

inf�iPr1,ns:θi¥0

h
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i
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ņ
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i
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nª
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ņ

j�1
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1
j
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1
i

Ri � r1i � xk1
i

��+
A.3 Last step

Here comes the last proof: giving an analytical solution
to the inf term in (25). Abstracting from the specific net-
work calculus problem, we are solving

inf
xi¥0

#
ņ

i�1

xi � nª
i�1

rbi � aixis�+ (27)

with ai � Ri

Ri�r1
i

¥ 1 andbi � yk1
i
�pRi�r1iqxk1

i

Ri�r1
i

¥ 0 (6).

Then, using Lemma 5, we can compute the infimum of
this expression. This is a generalisation of what is done in
[18], where allbi have the same value.

So, using Lemma 5, if
°n

i�1

Ri�r1i
Ri

¥ 1, then, the delay
value is

ņ

i�1

yk1
i
� pRi � r1iqxk1

i

Ri

(28)

Otherwise, the index must be re-ordered. Letp :r1, ns ÞÑ r1, ns be a permutation such that
�
bppiq�

is a wide-sense increasing sequence. Letq
def�

min

!
ppiq 1 ¥°n�ppiq�1

j�1

Ri�r1i
Ri

)
. In this case, the delay

6The fact that thesesbi are non negative come from the definitions of
k1i: it is the smaller index such that the slopes beforexk1

i
is greater thanpRi � r1iq. It implies thatyk1

i
¥ pRi � r1iqxk1

i

value is¸
ppiq¤k

yk1
i
� pRi � r1iqxk1

i

Ri

�
yk1q � pRq � r1qqxk1q

Rq � r1q ��1� ¸
ppiq¤k

Ri � r1i
Ri

�

A.4 A usefull Lemma on specific inf

Lemma 5 (infxi¥0

!°n

i�1
xi ��n

i�1
rbi � aixis�))

Let be �i P r1, ns : bi ¥ 0, ai ¥ 1. We can assume, without
loss of generality, that the bi are sorted in non decreasing
order (bi ¤ bi�1). Then

inf
xi¥0

#
ņ

i�1

xi � nª
i�1

rbi � aixis�+� $''''&''''% ņ

i�1

bi

ai
if

ņ

i�1

1

ai
¤ 1

ņ

j�k

bj

aj
� bk

�
1� ņ

j�k

1

aj

�
otherwise

(29)

with k
def� max

!
i 1 ¥ °n

j�i
1

aj

)
. 2

This lemma have been solved in [18] in a more specific
way:

inf
τ 1
i
¥0

#
i̧

τ 1i �ª
i

�
σ � ρiτ 1i
ρi � ρi

��+
(30)

with σ ¡ 0, ρi ¥ ρi ¥ 0. This problem can be also written,

in a more general wayinfτ 1
i
¥0

"°
i τ

1
i ��i

�
u�viτ

1
i

wi

��*
with u ¡ 0 vi, wi ¥ 0. This problem is equivalent to (29),
with u � 1, bi � 1

wi
, ai � vi

wi
, except the casebi � 0.

So, we redo the proof to see if the null case could makes a
difference. It does not. Here is the proof.

In the following, x̄ will denotes a vector ofn valuespx1, . . . , xnq, and fpx̄q � fpx1, . . . , xnq � °n

i�1
xi ��n

i�1
rbi � aixis�. We are looking for the minimum for

f onRn¥0.
Except for step 1, this proof is a clone of the one of [18],

generalised to handle different values ofbi.

1. inf
0¤xi

#
ņ

i�1

xi � nª
i�1

rbi � aixis�+ �
inf

0¤xi¤ bi
ai

#
ņ

i�1

xi � nª
i�1

pbi � aixiq+
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PROOF They are two contradictory terms in this ex-
pression:

°n

i�1
xi increases with anyxi, and terms

bi � aixi decreases. More formally, for any vector of
value x̄ � px1, . . . , xnq with somexi ¥ bi

ai
, then, it

exist x̄1 � px1, . . . , xi�1,
bi
ai
, xi�1, . . . , xnq such that

fpx̄1q ¤ fpx̄q. �

We have done exactly the same kind of proof for (24).

In [18], this is done in a different way: they first study
the case0 ¤ xi ¤ bi

ai
(which is “Case 1:0 ¤ ρiτ 1i ¤ σ

for anyi.”)

2. inf
0¤xi¤ bi

ai

fpx̄q � n©
j�1

inf
x̄PXj

ņ

i�1

xi � bj � ajxj

withXj
def� !

x̄ P Rn¥0 �i : xi ¤ bi
ai

andbi � aixi ¤ bj � ajxj

)
PROOF Another definition of Xj could be!
x̄ �i : xi ¤ bi

ai
andbj � ajxj ��n

i�1
ai � bixi

)
.

It obviously comes that
�n

j�1
Xj �!

x̄ P Rn¥0 �i : xi ¤ bi
ai

)
. Then

inf
0¤xi¤ bi

ai

#
ņ

i�1

xi � nª
i�1

pbi � aixiq+� n©
j�1

inf
x̄PXj

#
ņ

i�1

xi � nª
i�1

pbi � aixiq+� n©
j�1

inf
x̄PXj

#
ņ

i�1

xi � bj � ajxj

+
�

TheXj are just a renaming of theTj of [18].

3. inf
x̄PXj

#
ņ

i�1

xi � bj � ajxj

+ �
inf

0¤xj¤ bi
ai

ņ

i�1

�
bi � bj � ajxj

ai

�� � bj � ajxj

PROOF Considerxj as a constant. This function in-
creases with anyxi (i � j). Then, itsinf is reached
with the smallest values of eachxi in the interval
range.

0 ¤ bi � aixi ¤ bj � ajxjðñ �bi ¤ �aixi ¤ bj � bi � ajxjðñ bi

ai
¥ xi ¥ �bj � bi � ajxj

ai

We also known thatxi ¥ 0. Then, the minimal value

for eachxi is
�
bi�bj�ajxj

ai

��
, and eachxi � xj can

be replaced by this value.

inf
x̄PXj

#
ņ

i�1

xi � bj � ajxj

+ �
inf

0¤xj¤ bi
ai

ņ

i�1
i�j

�
bi � bj � ajxj

ai

�� � xj � bj � ajxj

Notice thatxj � bj�bj�ajxj

aj
, then it comes.

inf
0¤xj¤ bi

ai

ņ

i�1

�
bi � bj � ajxj

ai

�� � bj � ajxj �

4. inf
0¤xi

#
ņ

i�1

xi � nª
i�1

rbi � aixis�+ �
inf

0¤x¤bn

ņ

i�1

�
bi � x

ai

�� � x

PROOF In the previous steps, we have reduced

the problem inf
0¤xi

#
ņ

i�1

xi � nª
i�1

rbi � aixis�+ into

n©
j�1

inf

0¤xj¤ bj
aj

ņ

i�1

�
bi � bj � ajxj

ai

�� � bj � ajxj

Let us redefine the independent variablexj into x1j �
bj�ajxj . We have0 ¤ xj ¤ bj

aj
ðñ 0 ¥ �ajxj ¥�bj ðñ bj ¥ x1j ¥ 0. Then

n©
j�1

inf

0¤xj¤ bj

aj

ņ

i�1

�
bi � bj � ajxj

ai

��� bj�ajxj �
n©

j�1

inf
0¤x1

j
¤bj

ņ

i�1

�
bi � x1j

ai

�� � x1j
But there is no need to keepn different variablesx1j ,
since they is no dependency between them: they ap-
pear into different subterms. Let us denote simply
x � x1j . The term then becomes

n©
j�1

inf
0¤x¤bj

ņ

i�1

�
bi � x

ai

�� � x

It can be re-written as
�n

j�1
inf0¤x¤bj fpxq with

fpxq def� °n

i�1

�
bi�x
ai

�� � x function. This is al-

ways the same expression which is studied, on in-
tervals r0, bis. But, the infimum is of course meet
on the larger interval,i.e.

�n

j�1
inf0¤x¤bj fpxq �

inf0¤x¤�n
i�1

bj fpxq � inf0¤x¤bn fpxq �
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We now have a piecewise linear continuous function,
whose minimum must be found.

5. inf
0¤x¤bn

ņ

i�1

�
bi � x

ai

�� � x �$''''&''''% ņ

i�1

bi

ai
if
°n

i�1

1

ai
¤ 1

ņ

j�k

bj

aj
� bk

�
1� ņ

j�k

1

aj

�
otherwise

with k
def� max

!
i 1 ¥ °n

j�i
1

aj

)
.

PROOF We have to find the minimum onr0, bns of the

piecewise linear functionfpxq def� °n

i�1

�
bi�x
ai

���x.

Thex term is increasing, and each
�
bi�x
ai

��
is decreas-

ing up tobi. Let us defineb0 � 0.

On each intervalrbi�1, bis, the function value is°n

j�i

bj�x

aj
� x, and its slope is1�°n

j�i
1

aj
.

If
°n

j�1

1

aj
¤ 1, then, the function is wide sense in-

creasing, and the minimum is reached atx � 0 (and
the value is

°n

i�1

bi
ai

).

Otherwise, the functions is decreasing, up to an in-
flexion pointbk where is began to increase (we know
that is can not be always decreasing: on last interval,rbn�1, bns the slope value is1� 1

an
, and allai ¥ 1.

Let bek def� max

!
i 1 ¥ °n

j�i
1

aj

)
. Then, the func-

tion f reaches its minimum atbk, and its value is

ņ

j�k

bj � bk

aj
� bk � ņ

j�k

bj

aj
� bk

�
1� ņ

j�k

1

aj

�� ņ

j�k

bj

aj
� bk

�
1� ņ

j�k

1

aj

�
�

It should be noticed that, with conventiona0 � 8,
b0 � 0, both formulas for cases

°n

j�1

1

aj
¤ 1 and°n

j�1

1

aj
¡ 1 are equivalents.
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