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Abstract - The recent emergence of Smarandache’s logic as foundations for a new general unifying theory for uncertain reasoning
is becoming both a new philosophical and mathematical research field and could modify deeply our perception and understanding
of our outer and inner worlds in coming years. The ability for neutrosophy to include all existing logics as special cases is undoubt-
edly appealing. Beside of all potential advantages of neutrosophy to handle antinomies and uncertainties, the current mathematical
neutrosophic logic, does not deal directly with the important problem of combination of evidences provided by different bodies of
evidence. This paper is the first attempt to develop new foundations for the combination of sources of information in a very general
framework where information can be both uncertain and paradoxical. We develop a new rule of combination close to the ad-hoc
Dempster-Shafer rule of combination where both conjunctions and disjunctions of assertions are explicitly taking into account
in the fusion process. Through several simple examples, we show the efficiency of this new theory of plausible and paradoxical
reasoning to solve problems where the Dempster-Shafer theory usually fails. Finally a theoretical bridge between the neutrosophic
logic and our new theory is presented, in order to solve the delicate problem of the combination of neutrosophic evidences. The
neutrosophic logic seems to be an appealing general framework (prerequesite) for dealing with uncertain and paradoxical sources
of information through this new theory.
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1 Introduction

The processing of uncertain information has always been a hot topic of research since mainly the 18th century. Up
to middle of the 20th century, most theoretical advances have been devoted to the theory of probabilities through the
works of eminent mathematicians like J. Bernoulli (1713), A. De Moivre (1718), T. Bayes (1763), P. Laplace (1774), K.
Gauss (1823), S. Poisson (1837), I. Todhunter (1873), J. Bertrand (1889), E. Borel (1909), R. Fisher (1930), F. Ramsey
(1931), A. Kolmogorov (1933), H. Jeffreys (1939), R. Cox (1946), I. Good (1950), R. Carnap (1950), G. Polya (1954),
R. Jeffrey (1957), B. De Finetti (1958), M. Kendall (1963), L. Savage (1967),T. Fine (1973), E. Jaynes (1995) to name
just few of them. With the development of the computers, the last half of the 20th century has became very prolific for
the development new original theories dealing with uncertainty and imprecise information. Mainly three major theories
are available now as alternative of the theory of probabilities for the automatic plausible reasoning in expert systems:
the fuzzy set theory developed by L. Zadeh in sixties (1965), the Shafer’s theory of evidence in seventies (1976) and
the theory of possibilities by D. Dubois and H. Prade in eighties (1985). Only recently a new general and original
theory, called neutrosophy, has been developed by F. Smarandache to unify all these existing theories in a common global
framework. This paper is focused on the development of a new theory of plausible and paradoxical reasoning within the
neutrosophical framework. After a brief presentation of probability and Dempster-Shafer theories in sections 2 and 3, we
propose the foundations for a new theory in section 4 and discuss about the justification of our new rule of combination of
uncertain and paradoxical sources of evidences. Several examples of our new inference will also been presented. In the
last section of this paper, we will show how our theory can serve as theoretical tool for the problem of the combination of
neutrosophical evidences.

2 The probability theory

Let � = f�i; i = 1; : : : ; ng be a finite discrete set ofexhaustiveandexclusivehypotheses or outcomes of a random
experiment. The probabilityP (A) of A � � has been defined and interpreted differently (mainly through the geometrical
approach, the subjective approach and the frequency approach [35]) since the seventieth century. The frequency approach
PfAg is defined as the ratio of the number of possible outcomes for eventA to the total number of possible outcomes for
space�. This is still now the easiest approach to introduce the notion of probability (chance) at a low mathematical level.
The foundations of the probability theory with a new interpretation as the logic of science can be found through the works
of E.T. Jaynes in [27, 25, 26].
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2.1 Axiomatic approach of the theory of probabilities

Within the frequency approach of probability, one implicitly assumes thateach elementary element of� is equally prob-
able. Hence the definition of probabibility itself turns to fall actually in a vicious circle definition. Moreover the principle
of sufficient reason (the hypothesis of equiprobable repartition for elementary components of� in case of no prior infor-
mation), called also the principle of indifference, has been strongly critized especially for cases involving infinitely many
possible outcomes because this can lead to confusing paradoxes. That is why, since the work of A. Kolmogorov in 1933,
the axiomatic of the probability theory based on�-algebras and measure theory has been definitely adopted. We remind
now the four axioms of modern theory of probability:

A1: (Nonnegativity)

0 � PfAg � 1 (1)

A2: (Unity) Any sure event (the sample space) has probability one

Pf�g = 1 (2)

A3: (Finite additivity) IfA1; : : : ; An are disjoint events, then

PfA1 [ : : :[Ang = PfA1g+ : : :+ PfAng (3)

A4: (countable additivity) IfA1; A2; : : : are disjoint events

Pf
1[
i=1

Aig =
1X
i=1

PfAig (4)

2.2 Consequences of axioms and bayesian inference

From these axioms, all other probability laws (especially total probability theorem and Bayes’s rule) can be derived. In
particular,

Pf;g = 0 and PfAcg = 1� PfAg (5)

A � B ) PfAg � PfBg (6)

8A;B � �; PfA[Bg = PfAg+ PfBg � PfA\Bg (7)

8A1; : : : ; An � �; PfA1 [ : : :[Ang �
nX
i=1

PfAig (Boole’s inequality) (8)

More precisely, in the general case, one has the Poincar´e’s equality

PfA1 [ : : :[Ang =
nX
i=1

PfAig �
X
i<j

PfAi \Ajg+ : : :

+(�1)k�1
X

i1<:::<ik

PfAi1 \ : : :\Aikg+ : : :+ (�1)nPf
\
i=1;n

Aig

(9)

which can be also written under a more compact form as

PfA1 [ : : :[Ang =
X

I�f1;::: ;ng

I 6=;

(�1)
jIj+1

Pf
\
i2I

Aig (10)

The probability of an eventA under the condition that eventB has occured (with probabilityPfBg 6= 0) is called the
conditional (or a posteriori) probability ofA givenB and is defined as

PfA j Bg =
PfA \Bg

PfBg
(11)



EventsA andB are said to be independent ifPfA \ Bg = PfAgPfBg or equivalentlyPfA j Bg = PfAg and
PfB j Ag = PfBg.

The probability of any eventB can be recovered from any partition (i.e. a set of exhaustive and disjoint events)
A1; : : : ; An of sample space� by the total probability theorem

PfBg =
nX
i=1

PfB j AigPfAig (12)

SincePfA j BgPfBg = PfA \Bg = PfB j AgPfAg, one gets the famous Baye’s formula, also called the Bayesian
inference [4]

PfA j Bg =
PfB j AgPfAg

PfBg
(13)

2.3 Bayesian rule of combination

Suppose now that M independent sources of information (bodies of evidence)B1; : : : ;BM provideM subjectiveprob-
ability functionsP1f:g; : : : ; PMf:g over the same space�, then the optimal bayesian fusion rule is obtained as follows
(see [13] for a more general and theoretical justification).

P1;::: ;Mf�ig , [P1 � : : :� PM ]f�ig =
p1�Mi

Q
m=1;M Pmf�igP

i=1;n p
1�M
i

Q
m=1;M Pmf�ig

(14)

wherepi is the prior probability of�i. This bayesian fusion rule of combination is however not defined when the sources
are in full contradiction because in such case the normalization constant

P
i=1;n p

1�M
i

Q
m=1;M Pmf�ig is zero. A source

Bj is said to be in full conflict with a sourceBk if, for all �i, Pjf�igPkf�ig = 0. When the fusion is possible and when
all the prior probabilitiespi are unknown, one has then to use the principle of indifference by setting allpi = 1=n and the
bayesian rule of combination reduces to

P1;::: ;Mf�ig = [P1 � : : :� PM ]f�ig =

Q
m=1;M Pmf�igP

i=1;n

Q
m=1;M Pmf�ig

(15)

The Bayesian inference (13) can be interpreted as a special case of bayesian rule of combination (15) between two sources
of information (prior and posterior information).

3 The Dempster-Shafer theory of evidence

We present now the basis of the Dempster-Shafer theory (DST) or the Mathematical Theory of Evidence (MTE) [48, 11]
called also sometimes the theory of probable or evidential reasoning. The DST is usually considered as a generalization
of the bayesian theory of subjective probability [52] and offers a simple and direct representation of ignorance. The DST
has shown its compatibility with the classical probability theory, with boolean logic and has a feasible computational
complexity [46] for problems of small dimension. The DST is a powerful theoretical tool which can be applied for the
representation of incomplete knowledge, belief updating, and for combination of evidence [42, 17] through the Demspter-
Shafer’s rule of combination presented in the following. The Dempster-Shafer model of representation and processing of
uncertainty has led to a huge number of practical applications in a wide range of domains (technical and medical diagnosis
under unreliable measuring devices, information retrieval, integration of knowledge from heterogeneous sources for object
identification and tracking, network reliability computation, multisensor image segmentation, autonomous navigation,
safety control in large plants, map construction and maintenance, just to mention a few).

3.1 Basic probability masses

Definition

Let � = f�i; i = 1; : : : ; ng be a finite discrete set ofexhaustiveandexclusiveelements (hypotheses) called elementary
elements.� has been called the frame of discernment of hypotheses or universe of discourse by G. Shafer. The cardinality
(number of elementary elements) of� is denotedj�j. The power setP(�) of � which is the set of all subsets of� is
usually notedP(�) = 2� because its cardinality is exactly2j�j. Any element of2� is then a composite event (disjunction)
of the frame of discernment. The DST starts by defining a map associated to a body of evidenceB (source of information),
called basic assignment probability (bpa) or information granulem(:) : 2� ! [0; 1] such that

m(;) = 0 (16)



X
A22�

m(A) �
X
A��

m(A) = 1 (17)

m(:) represents the strength of some evidence provided by the source of information under consideration. Condition (16)
reflects the fact that no belief ought to be committed to; and condition (17) reflects the convention that one’s total belief
has measure one [48]. The quantitym(A) is calledA’s basic probability number or sometimesA’s basic mass.m(A)
corresponds to the measure of the partial belief that is committedexactlyto A (degree of truth supported exactly byA)
by the body of evidenceB but not the total belief committed toA. All subsetsA for whichm(A) > 0 are called focal
elements ofm. The set of all focal elements ofm(:) is called the coreK(m) of m. Note thatm(A1) andm(A2) can both
be 0 even ifm(A1[A2) 6= 0. Even more peculiar, note thatA � B ; m(A) < m(B). Hence, the bpam(:) is in general
different from a probability distributionp(:).

Example

Consider� = f�1; �2; �3g, then2� = f;; �1; �2; �3; �1[ �2; �1 [ �3; �2 [ �3; �1[ �2 [ �3g. An information granulem(:)
on this frame of discernment� could be defined as

m(;) , 0 m(�1 [ �2 [ �3) = 0:05

m(�1) = 0:40 m(�1 [ �2) = 0:10

m(�2) = 0:20 m(�2 [ �3) = 0:10

m(�3) = 0:05 m(�1 [ �3) = 0:10

In this particular exampleK(m) = f�1; �2; �3; �1 [ �2; �1 [ �3; �2 [ �3; �1 [ �2 [ �3g and note that�1 � f�1 [ �2g with
m(�1) > m(�1 [ �2).

3.2 Belief functions

To obtain the measure of the total belief committed toA 2 2�, one must add tom(A) the massesm(B) for all proper
subsetsB � A. G. Shafer has defined the belief (credibility) function Bel(:) : 2� ! [0; 1] associated with bpam(:) as

Bel(A) =
X
B�A

m(B) (18)

Bel(A) summarizes all our reasons to believe inA (i.e. the lower probability to believe inA). More generally, a belief
function Bel(:) can be characterized without reference to the information granulem(:) if Bel(:) satisfies the following
three conditions

Bel(�) = 1 (19)

Bel(;) = 0 (20)

8n > 0; 8A1; : : : ; An � �; Bel(A1 [ : : :[An) �
X

I�f1;::: ;ng

I 6=;

(�1)jIj+1Bel(
\
i2I

Ai) (21)

For any given belief function Bel(:), one can always associate an unique information granulem(:), called the Möbius
inverse of belief function [44], and defined by [48]

8A � �; m(A) =
X
B�A

(�1)jA�BjBel(B) (22)

Thevacuous belief functionhaving Bel(�) = 1 but Bel(A) = 0 for all A 6= � describes the full ignorance on the frame
of discernment�. The corresponding bpamv(:) is such thatmv(�) = 1 andmv(A) = 0 for all A 6= �.

For any given belief function Bel(:) defined on frame�, the following inequality holds

8A;B � �; max(0;Bel(A) + Bel(B) � 1) � Bel(A \B) � min(Bel(A);Bel(B)) (23)



Bayesian belief functions

Any belief function satisfying Bel(;) = 0, Bel(�) = 1 and Bel(A [ B) = Bel(A) + Bel(B) wheneverA;B � � and
A \ B = ; is called aBayesian belief function. In such case, relation (21) coincides exactly with (10) and a probability
functionP (:) is only a particular Dempster-Shafer’s belief function. In this sense, the Dempster-Shafer theory can be
considered as a generalization of the probability theory.

If Bel(:) is a bayesian belief function, then all focal elements are only single points ofP(�). The basic probability
mass assignementm(:) commits a positive numberm(�i) only to some elementary�i 2 � (possibly all�i) and zero to
all possible disjunctions of�1; : : : ; �n. In other words there exists a bayesian bpam(:) : �! [0; 1] such that

X
�i2�

m(�i) = 1 and 8A � �; Bel(A) =
X
�i2A

m(�i) (24)

3.3 Plausibility functions

Since the degree of belief Bel(A) does not reveal to what extent one believes its negationAc, Shafer has introduced the
degree of doubt ofA as the total belief ofAc. The degree of doubt is less useful than the plausibility (credibility) Pl(A)
of A which measures the total probability mass that can move intoA. Pl(A) can be interpreted as theupper probabilityof
A. More precisely Pl(A) is defined by

Pl(A) , 1� Dou(A) = 1� Bel(Ac) =
X
B��

m(B) �
X
B�Ac

m(B) =
X

B\A6=;

m(B) (25)

More generally, the dual of (21) implies

8n > 0; 8A1; : : : ; An � �; Pl(A1 \ : : :\An) �
X

I�f1;::: ;ng

I 6=;

(�1)jIj+1Pl(
[
i2I

Ai) (26)

The direct comparison of (18) with (25) indicates that

8A � �; Bel(A) � Pl(A) (27)

For any given plausibility function Pl(:) defined on frame�, the following inequality holds

8A;B � �; max(Pl(A);Pl(B)) � Pl(A [B) � min(1;Pl(A) + Pl(B)) (28)

Let � be a given frame of discernment andm(:) a general bpa (neither a vacuous bpa, nor a bayesian bpa) provided by a
body of evidence, then it is always possible to build the followingpignisticprobability [63] (bayesian belief function) by
choosing8�i 2 �; Pf�ig =

P
B��j�i2B

1
jBj

m(B). In such case, one always has

8A � �; Bel(A) � [P (A) =
X
�i2A

Pf�ig] � Pl(A) (29)

Since Bel(A) summarizes all our reasons to believe inA and Pl(A) expresses how much we should believe inA if all
currently unknown were to supportA, the true belief inA is somewhere in the interval[Bel(A);Pl(A)]. Now suppose
that the true value of a parameter under consideration is known with some uncertainty[Bel(A);Pl(A)] � [0; 1], then its
corresponding bpam(A) can always be constructed by choosing

m(A) = Bel(A) m(A [Ac) = Pl(A) � Bel(A) m(Ac) = 1� Pl(A) (30)

3.4 The Dempster’s rule of combination

Glenn Shafer has proposed the ad-hoc Dempster’s rule of combination (orthogonal summation), symbolized by the op-
erator�, to combine two so-called distinct bodies of evidencesB1 andB2 over the same frame of discernment�. Let
Bel1(:) and Bel2(:) be two belief functions over the same frame of discernment� andm1(:) andm2(:) their correspond-
ing bpa masses. The combined global belief function Bel(:) = Bel1(:) � Bel2(:) is obtained from the combination of the
information granulesm1(:) andm2(:) as follows:m(;) = 0 and for anyC 6= ; andC � �,

m(C) , [m1 �m2](C) =

P
A\B=C m1(A)m2(B)P
A\B 6=; m1(A)m2(B)

=

P
A\B=C m1(A)m2(B)

1�
P

A\B=; m1(A)m2(B)
(31)



The summation notation
P

A\B=C must be interpreted as the sum over allA;B � � such thatA \B = C (interpre-
tation for other summation notations follows directly by analogy). The orthogonal summ(:) is a proper basic probability
assignment ifK , 1 �

P
A\B=; m1(A)m2(B) 6= 0. If K = 0,which means

P
A\B=; m1(A)m2(B) = 1 then orthog-

onal summ(:) does not existand the bodies of evidencesB1 andB2 are said to be totally (flatly) contradictory or infull
contradiction. Such case arises whenever the cores of Bel1(:) and Bel2(:) are disjoint or equivalently when there exists
A � � such that Bel1(A) = 1 and Bel2(Ac) = 1. The same problem of existence has already been pointed out previously
in the presentation of the optimal Bayesian fusion rule.

The quantitylog 1=K is called theweight of conflictbetween the the bodies of evidencesB1 andB2. It is easy to show
that the Dempster’s rule of combination is commutative (m1 � m2 = m2 � m1) and associative ([m1 � m2] � m3 =
m1 � [m2 �m3]). The vacuous belief function such thatmv(�) = 1 andmv(A) = 0 for A 6= � is the identity element
for � binary operator, i.e.mv �m = m �mv � m. If Bel1(:) and Bel2(:) are two combinable belief functions and if
Bel1(:) is Bayesian, then Bel1 � Bel2 is a bayesian belief function.

This rule of combination, initially proposed by G. Shafer without a strong theoretical justification (it’s only an ‘’ad-hoc
justification”), has been criticized in the past decades by many disparagers of this theory. Nowadays, this rule of com-
bination has however been fully justified by the axiomatic of the transferable belief model developed by Ph. Smets in
[59, 60, 61, 63]. We mention the fact that such theoretical justification had been already attempted by Cheng and Kashyap
in [7]. Discussions on justifications and interpretations of the DST and the Dempster’s rule of combination can be found
in [16, 30, 31, 32, 42, 45, 68]. An interesting discussion on the justification of Dempster’s rule of combination from the
information entropy viewpoint based on the measurement projection and balance principles can be found in [66]. Connec-
tion of the DST with the Fuzzy Set Theory can be found in [5, 64]. The relationship between experimental observations
and the DST belief functions is currently a hot topic of research. Several models have been developed for fitting belief
functions with experimental data. A very recent detailed presentation and discussion on this problem can be found in [69].

We can see a very close similitude between the Dempster’s rule and the optimal bayesian fusion rule (15). Actually
these two rules coincides exactly whenm1(:) andm2(:) become bayesian basic probability assignments and if weaccept
the principle of indifference within the optimal Bayesian fusion rule.

The complexity of DS rule of combination is important in general with large frames of discernment since the computa-
tional burden of finding all pairsA andB of subsets of� such thatA\B = C is o(2j�j�jCj� 2j�j�jCj) which is a large
number. For example, ifj�j = 10 andjCj = 2, we will haveo(216) = o(65536) tests to do to findfA \BjA \B = Cg

A simple example of the Dempster’s rule of combination

Consider the simple frame of discernment� = fS(unny); R(ainy)g about the true nature of the weather at a given
locationL for the next day and let consider two independent bodies of evidenceB1 andB2 providing the following
weather forecasts atL

m1(S) = 0:80 m1(R) = 0:12 m1(S [R) = 0:08

m2(S) = 0:90 m2(R) = 0:02 m2(S [R) = 0:08

Applying Dempster’s rule of combination yields the following result

m(S) = (m1 �m2)(S) = (0:72 + 0:072 + 0:064)=(1� 0:108� 0:016) � 0:9772

m(R) = (m1 �m2)(R) = (0:0024 + 0:0096 + 0:0016)=(1� 0:108� 0:016) � 0:0155

m(S [R) = (m1 �m2)(S [R) = 0:0064=(1� 0:108� 0:016) � 0:0073

Hence, in this example, the fusion of the two sources of evidence reinforces the belief that tomorrow will be a sunny day
at locationL (assuming that both bodies of evidence are equally reliable).

Another simple but disturbing example

L. Zadeh has given the following example of a use of the Dempster’s rule which shows an unexpected result. Two
doctors examine a patient and agree that it suffers from either meningitis (M), concussion (C) or brain tumor (T). Thus
� = fM;C; Tg. Assume that the doctors agree in their low expectation of a tumor, but disagree in likely cause and
provide the following diagnosis

m1(M ) = 0:99 m1(T ) = 0:01

m2(C) = 0:99 m2(T ) = 0:01

If we now combine beliefs using Dempster’s rule of combination, one gets the unexpected final conclusionm(T ) =
[m1 � m2](T ) = 0:0001

1�0:0099�0:0099�0:9801 = 1 which means that the patient suffers with certainty from brain tumor !!!.
This unexpected result arises from the fact that the two bodies of evidence (doctors) agree that patient does not suffer



from tumor but are in almost full contradiction for the other causes of the disease. This very simple but practical example
shows the limitations of practical use of the DS theory for automated reasoning. Some care must always be taken about the
degree of conflict between sources before taking final decision from the result of the Dempster’s rule of combination. A
justification of non effectivness of the Dempster’s rule in such kind of example based on an information entropy argument
has already been presented in [66].

Conditional Belief functions

Let mB(A) = 1 if B � A andmB(A) = 0 for if B 6� A (the subsetB is the only focal element of BelB and its basic
probability number is one). Then BelB is a belief function that focuses all of the belief onB (note that BelB is not in
general a Bayesian belief function unlessj B j= 1). If we now consider another belief function Bel over� combinable
with BelB , then the orthogonal sum of Bel with BelB denoted as Bel(: j B) = Bel� BelB is defined for allA � � by
[48]

Bel(A j B) =
Bel(A [Bc)� Bel(Bc)

1� Bel(Bc)
(32)

and

Pl(A j B) =
Pl(A \B)

Pl(B)
(33)

If Bel is a Bayesian belief function, then

Bel(A j B) =
Bel(A \B)

Bel(B)
= Pl(A j B) (34)

which coincides exactly with the classical conditional probabilityP (A j B) defined in (11).

4 A new theory for plausible and paradoxical reasoning

4.1 Introduction

As seen in the previous Zadeh’s troubling example, the use of the DST must be done only with extreme caution if
one has to take a final and important decision with the result of the Dempter’s rule of combination. In most (if not
all) of practical applications based on the DST, some ad-hoc or heuristic recipes are added to the fusion process to
correctly manage or reduce the possibility of high degree of conflict between sources. Otherwise, the fusion results lead
to unreliable/dangerous conclusion or cannot provide a result at all when the degree of conflict becomes high. Even if
the DST provides fruithfull results in many applications (mainly in artificial intelligence and systems expert areas) in past
decades, we argue that this theory is still too limited because it is based on the following very restrictive constraints :

C1- The DST considers a discrete and finite frame of discernment based on a set of exhaustive and exclusive elementary
elements.

C2- The bodies of evidence are assumed independent (each source of information does not take into account the knowl-
edge of other sources) and provide a belief function on the power set2�.

These two constraints are very strong in many practical problems involving uncertain and probable reasoning and dealing
with fusion of uncertain and imprecise information. A discussion about this important remark had already been discussed
earlier in [33, 34, 47]. In [47], the author proposed a new partitioning management technique to overcome mainly the C2
constraint. The first constraint is very severe actually since it does not allow paradoxes on elements of the frame of dis-
cernment�. The DST accepts as foundation the commonly adopted principle of the third exclude. Even if at first glance,
it makes sense in the traditional classical thought, we can develop a new theory which does notaccept the principle of the
third exclude and accepts and deals with paradoxes. This is the main purpose of this paper.

The constraint C1 assumes that each elementaryhypothesis of the frame of discernment� is finely and precisely well
defined and we are able to discriminate between all elementary hypotheses without ambiguity and difficulty. We argue
that this constraint is too limited and that it is not always possible in practice to model a frame of discernment satisfying
C1 even for some very simple problems where each elementaryhypothesis corresponds to a fuzzy concept or attribute. In
such cases, the elementary elements of the ”frame of discernment” cannot be precisely separated without ambiguity such
that no refinement of the frame of discernment satisfying the first constraint is possible. As a simple example, consider
an armed robbery situation having a witness and the frame of discernment (associated to the possible size of the thief)
having only two elementary imprecise classes� = f�1 = small; �2 = tallg. An investigator asks the witness about the
size of the thief and the witness declares that the thief was tall with bpa numberm(�1) = 0:80, small with bpa number



m(�2) = 0:15 and is uncertain (either tall or small) withm(�1 [ �2) = 0:05. The investigator will have to deal only with
this information although the smallness and the tallness have not been precisely defined. The use of this testimony by the
investigator (having in other side extra-information about the thief from other sources of information) to infer on the true
size of the thief is delicate especially with the important missing information about the size of the witness (who could be
either a basketball player, a dwarf or most probably has a size on the average as you and me - assuming you are neither a
dwarf or a basketball player. These both hypotheses are not incompatible actually since some dwarfs really enjoy to play
basketball).

In many situations, we argue that the frame of discernment� can only be described in terms of imprecise elements
which cannot be clearly separated and which cannot be considered as fully disjoint and that the refinement of initial frame
into a new one satisfying C1 is like a graal quest and cannot beaccomplished. Our last remark about C1 constraint
concerns the universal nature of the frame of discernment. As shown in our previous simple example, it is clear that, in
general, the ”same” frame of discernment is interpreted differently by the bodies of evidence. Some subjectivity, or at
least some fortuitious biases, on the information provided by a source of information is almost unavoidable, otherwise
this would assume (as foundation for the DST) that all bodies of evidence have an objective/universal (possibly uncertain)
interpretation or measure of the phenomena under consideration. This vision seems to be too excessive because usually
independent bodies of evidence provide their beliefs about some hypotheses only with respect to their own worlds of
knowledge and experience. We don’t go deeper here in the techniques of refinements and coarsenings of compatible
frame of discernments which is a prerequesite to the Dempster’s rule of combination. This has already been presented in
details in chapter 6 of [48]. We just want to emphaze here that these nice appealing techniques cannot be used at all in all
cases where C1 cannot be satisfied and we have more generally toaccept the idea to deal with paradoxical information.
To convince the reader to accept our radical new way of thought, just think about the true nature of a photon? For experts
working in particle physics, photons look like particles, for physicists working in electromagnetic field theory, photons
are considered as electromagnetic waves. Both interpretations are true, there is no unicity on the true nature of the photon
and actually a photon holds both aspects which appears as a paradoxe for most of human minds. This notion has been
accepted in modernphysics only with great difficulty and many vigourous discussions about this fondamental question
have held at the beginning of the 20th century between all eminent physicists at that time.

The constraint C2 hides a strong difficulty already discussed in the previous paragraph. In order to apply the Dempter’s
rule of combination of two independent bodies of evidenceB1 andB2), it is necessary that both frames of discernment
�1 and�2 (related to each sourceB1 andB2) have to be compatible and to correspond to the same ”universal vision” of
the possibilities of the answer of the question under consideration. This constraint is itself very difficult to satisfy actually
since each source of information has usually only a personal (and maybe biaised) interpretation of elements of frame of
discernment. The belief provided by each local source of information mainly depends on the own knowledge frame of
the source without reference to the (inaccessible) absolute truth of the space of possibilities. Therefore, C2 is in many
cases also a too strong hypothesis toaccept for foundations of a general theory of probable and paradoxical reasoning. A
general theory should include the possibility to deal with evidences arising from different sources of information which
have no access to absolute interpretation of the elements of the frame of discernment� under consideration. This yields to
accept paradoxical information as basis for a new general theory of probable reasoning. Actually we will show in the first
example on section 4.3 that paradoxical information resulting of fusion of several bodies of evidence is very informative
and can be used to help us to take legitimous final decision.

In other words, this new theory can be interpreted as a general and direct extension of probability theory and the
Dempster-Shafer theory in the following sense. Let� = f�1; �2g be the simpliest frame of discernment involving only
two elementary hypotheses (with no more additional assumptions on�1 and�2), then

� the probability theory deals with basic assignment massesm(:) 2 [0; 1] such that

m(�1) +m(�2) = 1

� the Dempster-Shafer theory extends the probability theory by dealing with basic assignment massesm(:) 2 [0; 1]
such that

m(�1) +m(�2) +m(�1 [ �2) = 1

� our general theory extends the two previous theories by accepting the possibility of paradoxical information and
deals with new basic assignment massesm(:) 2 [0; 1] such that

m(�1) +m(�2) +m(�1 [ �2) +m(�1 \ �2) = 1

4.2 Hyper-power set and general basic probability assignmentm(:)

4.2.1 Hyper-power set definition

Let � = f�1; : : : ; �ng be a set ofn elementary elements considered as exhaustive which cannot be precisely defined
and separated so that no refinement of� in a new larger set�ref of disjoint elementary hypotheses is possible and let’s



consider the classical set operators[ (disjunction) and\ (conjunction). The exhaustive hypothesis about� is not a strong
constraint since when�i; i = 1; n does not constitute an exhaustive set of elementary possibilities, we can always add an
extra element�0 such that�i; i = 0; n describes now an exhaustive set. We will assume therefore, from now on and in the
following, that� characterizes an exhaustive frame of discernment.� will be called ageneralframe of discernment in
the sequel to emphaze the fact that� does not satisfy the Dempster-Shafer C1 constraint.

The classical power setP(�) = 2� has been defined as the set of all proper subsets of� when all elements�i are disjoint.
We extend here this notion and define now the ”hyper-power” setD� as the set of all composite possibilities build from�
with [ and\ operators such that8A 2 D�; B 2 D�; (A[B) 2 D� and(A \B) 2 D�. Obviously, one would always
haveD� � 2�ref if the refined power set2�ref could be defined and accessible which is unfortunately not possible in
general as already argued. The cardinality of hyper-power setD� is majored by22

n

when Card(�) =j � j= n. The
generation of hyper-power setD� corresponds to the famous Dedekind’s problem on enumerating the set of monotone
Boolean functions (i.e., functions expressible using only AND and OR set operators) [10]. This problem is also related
with the Sperner systems [65, 37] based on finite poset (called also as antichains in literature) [8]. The number of
antichains on then-set� are equal to the number of monotonic increasing Boolean functions ofn variables, and also the
number of free distributive lattices withn generators [18, 20, 28, 29, 38, 54]. Determining these numbers is exactly the
Dedekind’s problem. The choice of letterD in our notationD� to represent the hyper-power set of� is in honour of
the great mathematician R. Dedekind. The general solution of the Dedekind’s problem (forn > 10) has not been found
yet. We just know that the cardinality numbers ofD� follow the integers of the Dedekind’s sequence minus one when
Card(�) = n increases.

Examples

1. If we consider� = fg (empty set) thenD� = f;g andj D� j= 1

2. If we consider� = f�1g thenD� = f;; �1g andj D� j= 2

3. If we consider� = f�1; �2g thenD� = f;; �1; �2; �1 [ �2; �1 \ �2g andj D� j= 5

4. If we consider� = f�1; �2; �3g then

D� = f;; �1; �2; �3; �1 [ �2; �1 [ �3; �2 [ �3; �1 \ �2; �1 \ �3; �2 \ �3; �1 [ �2 [ �3; �1 \ �2 \ �3;

(�1 [ �2) \ �3; (�1 [ �3) \ �2; (�2 [ �3) \ �1; (�1 \ �2) [ �3; (�1 \ �3) [ �2; (�2 \ �3) [ �1;

(�1 [ �2) \ (�1 [ �3) \ (�2 [ �3)g

andj D� j= 19

It is not difficult, although tedious, to check that8A 2 D� ; B 2 D�; (A [ B) 2 D� and (A \ B) 2 D�. The
extension to larger frame of discernment is possible but requires a higher computational burden. The general and
direct analytic computation ofj D� j for a n-set� with n > 10 is not known and is still under investigations
in the mathematical community. Cardinality numbersj D� j follow the Dedekind’s sequence (minus one), i.e.
1; 2; 5; 19; 167;7580; 7828353; : : : when Card(�) = n = 0; 1; 2; 3; 4;5; 6; : : :.

4.3 General basic assignment numbers

4.3.1 Definition

Let � be ageneralframe of discernment of the problem under consideration. We define a mapm(:) : D� ! [0; 1]
associated to a given body of evidenceB which can support paradoxical information, as follows

m(;) = 0 (35)

X
A2D�

m(A) = 1 (36)

The quantitym(A) is calledA’s general basic probability number. As in the DST, all subsetsA 2 D� for which
m(A) > 0 are called focal elements ofm(:) and the set of all focal elements ofm(:) is also called the coreK(m) of m.
The belief and plausibility functions are defined in the same way as in the DST, i.e.

Bel(A) =
X

B2D�;B�A

m(B) (37)



Pl(A) =
X

B2D�;B\A6=;

m(B) (38)

Note that, we don’t define here explicitly the complementaryAc of a propositionA sincem(Ac) cannot be precisely
evaluated from[ and\ operators onD� since we include the possibility to deal with a complete paradoxical source of
information such that8A 2 D�; 8B 2 D�;m(A \ B) > 0. These definitions are compatible with the DST definitions
when the sources of information become uncertain but rational (they do not support paradoxical information). We still
have8A 2 D� ;Bel(A) � Pl(A).

4.3.2 Construction of pignistic probabilities from general basic assignment numbers

The construction of a pignistic probability measure from the general basic numbersm(:) overD� with j�j = n is still
possible and is given by the general expression of the form

8i = 1; : : : ; n Pf�ig =
X

A2D�

��i(A)m(A) (39)

where��i(A) 2 [0; 1] are weighting coefficients which depend on the inclusion or non-inclusion of�i with respect to
propositionA. No general analytic expression for��i(A) has been derived yet even if��i(A) can be obtained explicitely
for simple examples. When general bpam(:) reduces to classical bpa (i.e. the DS bpa without paradoxe), then��i(A) =
1
jAj if �i � A and therefore one gets

8i = 1; : : : ; n Pf�ig =
X

A��j�i2A

1

jAj
m(A) (40)

We present now two examples of pignistic probabilities reconstruction from a general and non degenerated bpam(:) (i.e.
@A 2 D� withA 6= ; such thatm(A) = 0) overD�.

� Example 1 : If� = f�1; �2g then

Pf�1g = m(�1) +
1

2
m(�1 [ �2) +

1

2
m(�1 \ �2)

Pf�2g = m(�2) +
1

2
m(�1 [ �2) +

1

2
m(�1 \ �2)

� Example 2 : If� = f�1; �2; �3g then

Pf�1g =m(�1) +
1

2
m(�1 [ �2) +

1

2
m(�1 [ �3) +

1

2
m(�1 \ �2) +

1

2
m(�1 \ �3)

+
1

3
m(�1 [ �2 [ �3) +

1

3
m(�1 \ �2 \ �3)

+
1=2 + 1=3

3
m((�1 [ �2) \ �3) +

1=2 + 1=3

3
m((�1 [ �3) \ �2) +

1=2 + 1=2 + 1=3

3
m((�2 [ �3) \ �1)

+
1=2 + 1=2 + 1=3

5
m((�1 \ �2) [ �3) +

1=2 + 1=2 + 1=3

5
m((�1 \ �3) [ �2)

+
1 + 1=2 + 1=2 + 1=3

5
m((�2 \ �3) [ �1) +

1=2 + 1=2 + 1=3

4
m((�1 [ �2) \ (�1 [ �2) \ (�2 [ �3))

Pf�2g =m(�2) +
1

2
m(�1 [ �2) +

1

2
m(�2 [ �3) +

1

2
m(�1 \ �2) +

1

2
m(�2 \ �3)

+
1

3
m(�1 [ �2 [ �3) +

1

3
m(�1 \ �2 \ �3)

+
1=2 + 1=3

3
m((�1 [ �2) \ �3) +

1=2 + 1=2 + 1=3

3
m((�1 [ �3) \ �2) +

1=2 + 1=3

3
m((�2 [ �3) \ �1)

+
1=2 + 1=2 + 1=3

5
m((�1 \ �2) [ �3) +

1 + 1=2 + 1=2 + 1=3

5
m((�1 \ �3) [ �2)

+
1=2 + 1=2 + 1=3

5
m((�2 \ �3) [ �1) +

1=2 + 1=2 + 1=3

4
m((�1 [ �2) \ (�1 [ �2) \ (�2 [ �3))



Pf�3g =m(�3) +
1

2
m(�1 [ �3) +

1

2
m(�2 [ �3) +

1

2
m(�1 \ �3) +

1

2
m(�2 \ �3)

+
1

3
m(�1 [ �2 [ �3) +

1

3
m(�1 \ �2 \ �3)

+
1=2 + 1=2 + 1=3

3
m((�1 [ �2) \ �3) +

1=2 + 1=3

3
m((�1 [ �3) \ �2) +

1=2 + 1=3

3
m((�2 [ �3) \ �1)

+
1 + 1=2 + 1=2 + 1=3

5
m((�1 \ �2) [ �3) +

1=2 + 1=2 + 1=3

5
m((�1 \ �3) [ �2)

+
1=2 + 1=2 + 1=3

5
m((�2 \ �3) [ �1) +

1=2 + 1=2 + 1=3

4
m((�1 [ �2) \ (�1 [ �2) \ (�2 [ �3))

The evaluation of weighting coefficients��i(A) has been obtained from the geometrical interpretation of the relative
contribution of the distinct parts ofA with proposition�i under consideration. For example, considerA = (�1 \ �2) [ �3
which corresponds to the areaa1 [ a2 [ a3 [ a4 [ a5 on the following Venn diagram.

Figure 1: Representation ofA = (�1 \ �2) [ �3 � a1 [ a2 [ a3 [ a4 [ a5

a1 which is shared only by�3 will contribute to�3 with weight 1;a2 which is shared by�1 and�3 will contribute to�3
with weight 1/2;a3 which is not shared by�3 will contribute to�3 with weight 0;a4 which is shared by�2 and�3 will
contribute to�3 with weight 1/2;a5 which is shared by both�1,�2 and�3 will contribute to�3 with weight 1/3. Since
moreover, one must have8A 2 D� with m(A) 6= 0,

Pn

i=1 ��i(A)m(A) = m(A), it is necessary to normalize��i(A).
Therefore��3(A) is given by

��3(A) =
1 + 1=2 + 1=2 + 1=3

5
and similarly ��2(A) =

1=2 + 1=2 + 1=3

5
; ��1(A) =

1=2 + 1=2 + 1=3

5

All ��i(A); 8A 2 D� entering in derivation ofPf�ig can be obtained using similar process.

4.4 General rule of combination of paradoxical sources of evidence

4.4.1 The rule of combination

Let’s consider now two distinct (but potentially paradoxical) bodies of evidencesB1 andB2 over the same frame of
discernment� with belief functions Bel1(:) and Bel2(:) associated with information granulesm1(:) andm2(:). The
combined global belief function Bel(:) = Bel1(:) � Bel2(:) is obtained through the combination of the granulesm1(:)
andm2(:) by the simple rule

8C 2 D�; m(C) , [m1 �m2](C) =
X

A;B2D�;A\B=C

m1(A)m2(B) (41)

SinceD� is closed under[ and\ operators, this new rule of combination guarantees thatm(:) : D� ! [0; 1] is a
proper general information granule statisfying (35) and (36). The global belief function Bel(:) is then obtained from the
granulem(:) through (37). This rule of combination is commutative and associative and can always be used for fusion of
paradoxical and/or rational sources of information (bodies of evidence). Obviously, the decision process will have to be
made with more caution to take final decision based on the general granulem() when internal paradoxical conflicts arise.

It is important to note that any fusion of sources of information generates either uncertainties, paradoxes or in general
both. This is intrinsic to the general fusion process itself. For instance, let’s consider the frame of discernment� =
f�1; �2g and the following very simple examples:



� If we consider the two rational information granules

m1(�1) = 0:80 m1(�2) = 0:20 m1(�1 [ �2) = 0 m1(�1 \ �2) = 0

m2(�1) = 0:90 m2(�2) = 0:10 m2(�1 [ �2) = 0 m2(�1 \ �2) = 0

then
m(�1) = 0:72 m(�2) = 0:02 m(�1 [ �2) = 0 m(�1 \ �2) = 0:26

� If we consider the two uncertain information granules

m1(�1) = 0:80 m1(�2) = 0:15 m1(�1 [ �2) = 0:05 m1(�1 \ �2) = 0

m2(�1) = 0:90 m2(�2) = 0:05 m2(�1 [ �2) = 0:05 m2(�1 \ �2) = 0

then
m(�1) = 0:805 m(�2) = 0:0175 m(�1 [ �2) = 0:0025 m(�1 \ �2) = 0:175

� If we consider the two paradoxical information granules

m1(�1) = 0:80 m1(�2) = 0:15 m1(�1 [ �2) = 0 m1(�1 \ �2) = 0:05

m2(�1) = 0:90 m2(�2) = 0:05 m2(�1 [ �2) = 0 m2(�1 \ �2) = 0:05

then
m(�1) = 0:72 m(�2) = 0:0075 m(�1 [ �2) = 0 m(�1 \ �2) = 0:2725

� If we consider the two uncertain and paradoxical information granules

m1(�1) = 0:80 m1(�2) = 0:10 m1(�1 [ �2) = 0:05 m1(�1 \ �2) = 0:05

m2(�1) = 0:90 m2(�2) = 0:05 m2(�1 [ �2) = 0:03 m2(�1 \ �2) = 0:02

then
m(�1) = 0:789 m(�2) = 0:0105 m(�1 [ �2) = 0:0015 m(�1 \ �2) = 0:199

Note that this general fusion rule can also be used with intuitionist logic in which the sum of bpa is allowed to be
less than one (

P
m(A) < 1) and with the paraconsistent logic in which the sum of bpa is allowed to be greater than

one (
P

m(A) > 1) as well. In such cases, the fusion result does not provide in general
P

m(A) = 1. By example,
let’s consider the fusion of the paraconsistent sourceB1 with m1(�1) = 0:60, m1(�2) = 0:30, m1(�1 [ �2) = 0:20,
m1(�1 \ �2) = 0:10 with the intuitionist sourceB2 with m2(�1) = 0:50, m2(�2) = 0:20, m2(�1 [ �2) = 0:10,
m2(�1 \ �2) = 0:10. In such case, the fusion result of these two sources of information yields the following global
paraconsistent bpam(:)

m(�1) = 0:46 m(�2) = 0:13 m(�1 [ �2) = 0:02 m(�1 \ �2) = 0:47 )
X

m = 1:08 > 1

In practice, for the sake of fair comparison between several alternatives or choices, it is better and simplier to deal with
normalized bpa to take a final important decision for the problem under consideration. A nice property of the new rule of
combination of non-normalized bpa is its invariance to the pre- or post-normalization process as we will show right now.
In the previous example, the post-normalization of bpam(:) will yield the new bpam0(:)

m0(�1) =
0:46

1:08
� 0:426 m0(�2) =

0:13

1:08
� 0:12 m0(�1[�2) =

0:02

1:08
� 0:019 m0(�1\�2) =

0:47

1:08
� 0:435

The fusion of pre-normalization of bpam1(:) andm2(:) will yield the same normalized bpam0(:) since

m0
1(�1) =

0:6

1:2
= 0:50 m0

1(�2) =
0:3

1:2
= 0:25 m0

1(�1 [ �2) =
0:2

1:2
� 0:17 m0

1(�1 \ �2) =
0:1

1:2
� 0:08

m0
2(�1) =

0:5

0:9
� 0:56 m0

2(�2) =
0:2

0:9
� 0:22 m0

2(�1 [ �2) =
0:1

0:9
� 0:11 m0

2(�1 \ �2) =
0:1

0:9
� 0:11

m0(�1) � 0:426 m0(�2) � 0:12 m0(�1 [ �2) � 0:019 m0(�1 \ �2) � 0:435

It is easy to verify from the general fusion table that the pre or post normalization step yields always the same global
normalized bpa even for the general case (whenj�j = n) because the post-normalization constant

P
m(A) is always

equal to the product of the two pre-normalization constants
P

m1(A) and
P

m2(A).



4.4.2 Justification of the new rule of combination from information entropy

Let’s consider two bodies of evidenceB1 andB2 characterized respectively by their bpam1(:),m2(:) and their cores
K1 = K(m1),K2 = K(m2). Following Sun’s notation [66], each source of information will be denoted

B1 =

�
K1

m1

�
=

"
f
(1)
1 f

(1)
2 : : : f

(1)
k

m1(f
(1)
1 ) m1(f

(1)
2 ) : : : m1(f

(1)
k )

#
(42)

B2 =

�
K2

m2

�
=

"
f
(2)
1 f

(2)
2 : : : f

(2)
l

m2(f
(2)
1 ) m2(f

(2)
2 ) : : : m2(f

(2)
l )

#
(43)

wheref (1)i ; i = 1; k are focal elements ofB1 andf (2)j ; j = 1; l are focal elements ofB2.

Let’s consider now the combined information associated with a new body of evidenceB resulting from the fusion of
B1 andB2 having bpam(:) with coreK. We denoteB as

B , B1 � B2 =

�
K
m

�
=

"
f
(1)
1 \ f

(2)
1 f

(1)
1 \ f

(2)
2 : : : f

(1)
k \ f

(2)
l

m(f
(1)
1 \ f

(2)
1 ) m(f

(1)
1 \ f

(2)
2 ) : : : m(f

(1)
k \ f

(2)
l )

#
(44)

The fusion of 2 informations granules can be represented with the general table fusion as follows

� m1(f
(1)
1 ) m1(f

(1)
2 ) : : : m1(f

(1)
i ) : : : m1(f

(1)
k

)

m2(f
(2)
1 ) m(f (1)1 \ f (2)1 ) m(f (1)2 \ f (2)1 ) : : : m(f (1)i \ f (2)1 ) : : : m(f (1)k \ f (2)1 )

m2(f
(2)
2 ) m(f (1)1 \ f (2)2 ) m(f (1)2 \ f (2)2 ) : : : m(f (1)i \ f (2)2 ) : : : m(f (1)k \ f

(2)
2 )

: : : : : : : : : : : : : : : : : : : : :

m2(f
(2)
j ) m(f

(1)
1 \ f

(2)
j ) m(f

(1)
2 \ f

(2)
j ) : : : m(f

(1)
i \ f

(2)
j ) : : : m(f

(1)
k \ f

(2)
j )

: : : : : : : : : : : : : : : : : : : : :

m2(f
(2)
l ) m(f

(1)
1 \ f

(2)
l ) m(f

(1)
2 \ f

(2)
l ) : : : m(f

(1)
i \ f

(2)
l ) : : : m(f

(1)
k \ f

(2)
l )

We look for the optimal rule of combination, i.e. the bpam(:) = m1(:) � m2(:) which maximizes the joint entropy of
the two information sources. The justification for the Maxent criteria is discussed in [24, 27]. Thus, one has to findm(:)
such that [66, 67].

max
m

[H(m)] � max
m

2
4� kX

i=1

lX
j=1

m(f
(1)
i \ f

(2)
j ) log[m(f

(1)
i \ f

(2)
j )]

3
5 � �min

m
[�H(m)] (45)

satisfying both

� the measurement projection principle (marginal bpa), i.e.8i = 1; : : : ; k and8j = 1; : : : ; l

m1(f
(1)
i ) =

lX
j=1

m(f
(1)
i \ f

(2)
j ) and m2(f

(2)
j ) =

kX
i=1

m(f
(1)
i \ f

(2)
j ) (46)

These constraints state that the marginal bpam1(:) is obtained by the summation over each column of the fusion
table and the marginal bpam2(:) is obtained by the summation over each row of the fusion table.

� the measurement balance principle (the sum of all cells of the fusion table must be unity)

kX
i=1

lX
j=1

m(f (1)i \ f (2)j ) = 1 (47)

Using the concise notationmij , m(f (1)i \f (2)j ), the Lagrangian associated with this optimization problem under equality
constraints is given by (we consider here the minimization of�J(m) appearing in r.h.s of (45))

L(m;�) =
kX
i=1

lX
j=1

mij ln[mij]

+
kX
i=1

�i[m1(f
(1)
i )�

lX
j=1

mij] +
lX

j=1

i[m2(f
(2)
j )�

kX
i=1

mij] + �[
kX
i=1

lX
j=1

mij � 1] (48)



which can be written more concisely as

L(m;�) = �H(m) + �0g(m) (49)

wherem = [m11 m12 : : : mkl]0 and

� =

2
66666666664
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Following the classical method of Lagrange multipliers, one has to find optimal solution(m�; ��) such that

@L

@m
(m�; ��) = 0 and

@L

@�
(m�; ��) = 0 (51)

The firstk� l equations express the general solutionm[�] and thek+ l+ 1 last equations determine�� and therefore by
substitution intom[�], the optimal solutionm� = m[��]. One has to solve
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which yields8i; j,

mij = e���1e�iej (53)

and
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The last constraint in (54) can also be written as
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Now with basic algebraic manipulation, the optimal global bpamij 8i; j we are searching for, can be expressed as
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Thus, the solution of the maximisation of the joint entropy is obtained by choosing8i; j

mij = m(f
(1)
i \ f

(2)
j ) = m1(f

(1)
i )m2(f

(2)
j ) (56)

Since it may exist several combinations yielding to the same focal element, the bpa of all focal elements equal tof
(1)
i \f

(2)
j

over the fusion space is

m(f
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i \ f

(2)
j ) =

X
i;j
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(1)
i )m2(f

(2)
j ) (57)

which coincides exactly with the new rule of combination expressed previously.

4.4.3 Numerical example of entropy calculation

We present here a very simple numerical example of the derivation of entropies of individual sources of informations and
the combined (joint) entropy of combined sources. Let’s consider the simple frame of discernment� = f�1; �2g and the
two following (uncertain and paradoxical) information granules

m1(�1) = 0:60 m1(�2) = 0:20 m1(�1 [ �2) = 0:10 m1(�1 \ �2) = 0:10

m2(�1) = 0:50 m2(�2) = 0:20 m2(�1 [ �2) = 0:10 m2(�1 \ �2) = 0:20

The fusion rule can be described through the following fusion table

� m1(�1) = 0:60 m1(�2) = 0:20 m1(�1 [ �2) = 0:10 m1(�1 \ �2) = 0:10

m2(�1) = 0:50 0:30 (�1) 0:10 (�1 \ �2) 0:05 (�1) 0:05 (�1 \ �2)
m2(�2) = 0:20 0:12 (�1 \ �2) 0:04 (�2) 0:02 (�2) 0:02 (�1 \ �2)

m2(�1 [ �2) = 0:10 0:06 (�1) 0:02 (�2) 0:01 (�1 [ �2) 0:01 (�1 \ �2)
m2(�1 \ �2) = 0:20 0:12 (�1 \ �2) 0:04 (�1 \ �2) 0:02 (�1 \ �2) 0:02 (�1 \ �2)

(58)

Each cell of the table provides a part of the global bpam(:) contribution for the corresponding propositionM indicated
between parentheses. The entropies of individual sources are given by

H(M1) = �0:60 ln(0:60)� 0:20 ln(0:20)� 0:10 ln(0:10)� 0:10 ln(0:10) = 1:0889 nats

H(M2) = �0:50 ln(0:50)� 0:20 ln(0:20)� 0:10 ln(0:10)� 0:20 ln(0:20) = 1:2206 nats

The conditional entropiesH(M1jM2) andH(M2jM1) are given by [9]

H(M1jM2) =m2(M2 = �1)H(M1jM2 = �1) +m2(M2 = �2)H(M1jM2 = �2)

+m2(M2 = �1 \ �2)H(M1jM2 = �1 \ �2) +m2(M2 = �1 [ �2)H(M1jM2 = �1 [ �2)

=0:5H
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+ 0:1H
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�
=(0:5� 1:0889) + (0:2� 1:0889) + (0:1� 1:0889) + (0:2� 1:0889)

=1:0889 nats

H(M2jM1) =m1(M1 = �1)H(M2jM1 = �1) +m1(M1 = �2)H(M2jM1 = �2)

+m1(M1 = �1 \ �2)H(M2jM1 = �1 \ �2) +m1(M1 = �1 [ �2)H(M2jM1 = �1 [ �2)

=0:6H
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Therefore, one has

H(M1) = H(M1jM2) = 1:0889 nats and H(M2) = H(M2jM1) = 1:2206 nats



The joint entropyH(M ) = H(M1;M2) is directly obtained from the cells of the fusion table and one gets

H(M ) = H[(0:3; 0:1;0:05; 0:05;0:12;0:04;0:02; 0:02;0:06;0:02;0:01; 0:01;0:12;0:04;0:02; 0:02)] = 2:3095 nats

Hence, one has verified the classical result (chain rule) of the information theory, i.e.

H(M ) = H(M1) +H(M2jM1) = H(M2) +H(M1jM2)

or more specially because of the independence of the two sources of information

H(M ) = H(M1) +H(M2)

Note thatH(M ) must be evaluated using the full description of the fusion table (from all the cells of the table) and not
from the global bpam(:). Otherwise a smaller value forH(M ) is deduced, as it can be easily shown. From the fusion
table, one gets the final bpam(:) with

m(�1) = 0:41 m(�2) = 0:08 m(�1 [ �2) = 0:01 m(�1 \ �2) = 0:50

The evaluation ofH(M ) from bpam(:) yields the value

~H(M ) = H[(0:41; 0:08;0:01;0:50)] = 0:96023 nats < H(M )

Remark

Note that in this example, the combination of the two sources reduces the uncertainty of judgment ofeach local infor-
mation sources since~H(M ) < H(M1) and ~H(M ) < H(M2). This is unfortunalely not a valid conclusion in general as
many people (wrongly) think. We argue that the fusion of independent sources of information does not necessarly reduces
the uncertainty of judgment. To convince the reader, just take the similar example with the following new information
granules

m1(�1) = 0:900 m1(�2) = 0:090 m1(�1 [ �2) = 0:009 m1(�1 \ �2) = 0:001

m2(�1) = 0:090 m2(�2) = 0:900 m2(�1 [ �2) = 0:009 m2(�1 \ �2) = 0:001

It is not too difficult to check that global bpam(:) is

m(�1) = 0:08991 m(�2) = 0:08991 m(�1 [ �2) = 0:000081 m(�1 \ �2) = 0:820099

with corresponding entropies

H(M1) = H(M2) = 0:36084 nats and ( ~H(M ) = 0:59659) < (H(M ) = 0:72168)

but ~H(M ) > H(M1) and ~H(M ) > H(M2). Thus in this case, the fusion increases actually the uncertainty of the final
judgment.

4.4.4 Definition for the generalized entropy of a source

The evaluation of the entropyH(m) of a given source from the direct extension of its classical definition, with convention
(see [9])0 ln(0) = 0 and with bpam(:), i.e.

H(m) = �
X

A2D�

m(A) ln(m(A))

seems to not be the best measure for the self-information of a general (uncertain and paradoxical) source of information
because it does not catch the intrinsic informational strength (i.i.s. for short)s(A) of the propositionsA. An extension
of the classical entropy in the DST framework had already been proposed in 1983 by R. Yager based on the weight of
conflict between the belief function Bel and the certain support function BelA focused on each propositionA (see [70] for
details). In the classical definition (based only on probability measure), one always hass(A) � jAj = 1. This does not
hold in our general theory of plausible and paradoxical reasoning and we propose to generalize the notion of entropy in
the following manner to measure correctly the self-information of a general source :

Hg(m) = �
X

A2D�

1

s(A)
m(A) ln(

1

s(A)
m(A)) (59)

Hg(m) will be called thegeneralized entropyof the source associated with bpam(:). This general definition introduces
the cardinality of a general (irreductible) propositionA which can be derived from the two following important rules
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It is very important to note that these rules apply only on irreductible propositions (logical atoms)A. A propositionA is
said to be irreductible (or equivalently has a compact form) if and only if it does not admit other equivalent form with a
smaller number of operands and operators. For example(�1 [ �3) \ (�2 [ �3) is not an irreductible proposition since it
can be reduced to its equivalent logical atom(�1 \ �2) [ �3. To compute the i.i.s.s(A) of any propositionA using the
rules (60) and (61), the proposition has first to be reduced to its minimal representation (irreductible form).

Examples
Here are few examples of the value of the cardinality for some elementary and composite irreductible propositionsA. We
recall that�i involved inA are singletons such thatj�ij = 1.

A = �1 [ �2 ) s(A) = 2

A = �1 \ �2 ) s(A) = 1=2

A = �1 [ �2 [ �3 = (�1 [ �2) [ �3 = �1 [ (�2 [ �3) = �2 [ (�1 [ �3)) s(A) = 3

A = �1 \ �2 \ �3 = (�1 \ �2) \ �3 = �1 \ (�2 \ �3) = �2 \ (�1 \ �3)) s(A) = 1=3

A = (�1 \ �2) [ �3 ) s(A) = 3=2

A = (�1 [ �2) \ �3 ) s(A) = 2=3

A = (�1 \ �2) [ (�3 \ �4)) s(A) = 1

A = (�1 [ �2) \ (�3 [ �4)) s(A) = 1

A = (�1 \ �2) [ (�3 \ �4 \ �5)) s(A) = 5=6

A = (�1 [ �2) \ (�3 [ �4 [ �5)) s(A) = 6=5

Thus the evaluation ofs(A) for any general irreductible propositionA can always be obtained from the two basic rules
(60) and (61). This generalized definition makes sense with the notion of entropy and is coherent with classical definition
(i.e. Hg(m) � H(m) whenm(:) becomes a bayesian bpap(:)). Let � = f�1; : : : ; �ng be ageneralframe of discern-
ment of the problem under consideration and a general body of evidence with information granulem(:) on D�, then
the generalized entropyHg(m) takes its minimal value�n ln(n) when the source provides the maximum of paradoxe
which is obtained whenm(�1 \ : : : \ �n) = 1. It is important to note that the maximum of uncertainty is not obtained
whenm(�1 [ : : :[ �n) = 1 but rather for a specificm() which distributes some weight of evidence assignment to each
propositionA 2 D� because there is less information(from the information theory viewpoint) when there exists several
propositions with non nul bpa rather than one. One has also to take intoaccount the intrinsic self-information of the
propositions to get a good measure of global information provided by a source. The generalized entropy includes both
aspects of the information (the intrinsic and the classical aspect). The uniform distribution form(:) does not generate the
maximum generalized-entropy because of the different intrinsic self-information of each proposition (see next example).
We argue that the generalized entropy of any source defined with respect to a frame� appears to be a very useful tool to
measure the degree of uncertainty and paradoxe of any given source of information.

Example

We give here some values ofHg(m) for different sources of information over the same frame� = f�1; �2g. The
sources have been classified from the most informative oneB1 up to the less informative oneB16. B16 corresponds to the
source containing minimal information on the hyper-power set of the frame� (thusB16 has the minimal discrimination
power between all possible propositions). There does not exist a sourceBk such thatHBk

g (m) > HB16
g (m) for this

simpliest example. Findingm�(:) such thatHg(m
�) takes its maximal value for a general frame� with j�j = n is called



the general whitening source problem. No solution for this problem has been obtained so far.

m(�1) m(�2) m(�1 [ �2) m(�1 \ �2) Hg(m)

B1 0 0 0 1 �1:386
B2 0 0 0:3 0:7 �0:186
B3 1 0 0 0 0
B4 0 1 0 0 0
B5 0:1 0:2 0 0:7 0:081
B6 0 0 1 0 0:346
B7 0:8 0:2 0 0 0:500
B8 0 0 0:7 0:3 0:673
B9 0:5 0:5 0 0 0:693
B10 0:7 0:2 0:1 0 0:721
B11 0:7 0:2 0 0:1 0:893
B12 0:1 0:2 0:7 1 0:919
B13 0:1 0:2 0:3 0:4 1:015
B14 0:1 0:2 0:4 0:3 1:180
B15 0:25 0:25 0:25 0:25 1:299
B16 0:25 0:25 0:35 0:15 1:359

B1 is the most informative source because all the weights of evidence about the truth are focused only on the smaller
element�1 \ �2 of hyper-powersetD� . B2 is less informative thanB1 because there exists an ambiguity between the
two propositions�1 [ �2 and�1 \ �2. B3 andB4 are less informative thanB1 because the weights of evidence about
the truth are focused on larger elements (�1 or �2 respectively) ofD�. B6 is less informative thanB3 or B4 because the
weight of evidence about the truth is focused on a bigger element�1 [ �2 of D�. B7 is less informative than previous
sources since there exists an ambiguity between the two propositions�1 and�2 but it is more informative thanB9 since
the discrimination power (our easiness to decide which proposition supports the truth) is higher withB7 than withB9.
Note that even if in this very simple example, it is not obvious to see thatB16 is the less informative (white) source of
information. Most of readers would have probably thought to choose eitherB6 or B15. This comes from the confusion
between the intrinsic information supported by the proposition itself and the information supported by the whole bpa
m(:).

4.4.5 Zadeh’s example

Let’s take back the disturbing Zadeh’s example given in section 3.4. Two doctors examine a patient and agree that it
suffers from either meningitis (M), concussion (C) or brain tumor (T). Thus� = fM;C; Tg. Assume that the doctors
agree in their low expectation of a tumor, but disagree in likely cause and provide the following diagnosis

m1(M ) = 0:99 m1(T ) = 0:01 and 8A 2 D� ; A 6= T;A 6= M; m1(A) = 0

m2(C) = 0:99 m2(T ) = 0:01 and 8A 2 D� ; A 6= T;A 6= C; m2(A) = 0

The new general rule of combination (41), yields the following combined information granule

m(M \C) = 0:9801 m(M \ T ) = 0:0099 m(C \ T ) = 0:0099 m(T ) = 0:0001

From this granule, one gets

Bel(M ) = m(M \C) +m(M \ T ) = 0:99

Bel(C) = m(M \C) +m(T \C) = 0:99

Bel(T ) = m(T ) +m(M \ T ) +m(C \ T ) = 0:0199

If both doctors can be considered as equally reliable, the combined information granulem(:) mainly focuses weight of
evidence on the paradoxical propositionM \ C which means that patient suffers both meningitis and concussion but
almost surely not from brain tumor. This conclusion is coherent with the common sense actually. Then, no therapy for
brain tumor (like heavy and ever risky brain surgical intervention) will be chosen in such case. This really helps to take
important decision to save the life of the patient in this example. A deeper medical examination adapted to both meningitis
and concussion will almost surely be done before applying the best therapy for the patient. Just remember that in this
case, the DST had concluded that the patient had brain tumor with certainty: : : .



4.4.6 Mahler’s example revisited

Let’s consider now the following example excerpt from the R. Mahler’s paper [36]. We consider that our classification
knowledge base consists of the three (imaginary) new and rare diseases corresponding to following frame of discernment

� = f�1 = kotosis; �2 = phlegaria; �3 = pinpoxg

We assume that the three diseases are equally likely to occur in the patient population but there is some evidence that
phlegariaandpinpoxare the same disease and there is also a small possibility thatkotosisandphlegariamight be the
same disease. Finally, there is a small possibility that all three diseases are the same. This information can be expressed
by assigning a priori bpa as follows

m0(�1) = 0:2 m0(�2) = 0:2 m0(�3) = 0:2
m0(�2 \ �3) = 0:2 m0(�1 \ �2) = 0:1 m0(�1 \ �2 \ �3) = 0:1

Let Bel(:) the prior belief measure corresponding to this prior bpam(:). Now assume that DoctorD1 and DoctorD2

examine a patient and deliver diagnoses with following reports:

� Report forD1: m1(�1 [ �2 [ �3) = 0:05 m1(�2 [ �3) = 0:95

� Report forD2: m2(�1 [ �2 [ �3) = 0:20 m2(�2) = 0:80

The combination of the evidences provided by the two doctorsm0 = m1�m2 obtained by the general rule of combination
(41) yields the following bpam0(:)

m0(�2) = 0:8 m0(�2 [ �3) = 0:19 m0(�1 [ �2 [ �3) = 0:01

The combination of bpam0(:) with prior evidencem0(:) yields the final bpam = m0 �m0 = m0 � [m1 �m2] with

m(�1) = 0:002 m(�2) = 0:200 m(�3) = 0:040
m(�1 \ �2) = 0:260 m(�2 \ �3) = 0:360 m(�1 \ �2 \ �3) = 0:100
m(�1 \ (�2 [ �3)) = 0:038

Therefore the final belief function given by (37) is

Bel(�1) = 0:002+ 0:260 + 0:100 + 0:038 = 0:400
Bel(�2) = 0:200+ 0:260 + 0:360 + 0:100 = 0:920
Bel(�3) = 0:040+ 0:360 + 0:100 = 0:500
Bel(�1 \ �2) = 0:260 + 0:100 = 0:360
Bel(�2 \ �3) = 0:360 + 0:100 = 0:460
Bel(�1 \ (�2 [ �3)) = 0:038 + 0:100 = 0:138
Bel(�1 \ �2 \ �3) = 0:100

Thus, on the basis of all the evidences one has, we are able to conclude with high a degree of belief that the patient has
phlegaria which is coherent with the Mahler’s conclusion based on his Conditioned Dempster-Shafer theory developed
from his conditional event algebra although a totally new and simpliest approach has been adopted here.

4.4.7 A thief identification example

Let’s revisit a very simple thief identification example. Assume that a 75 years old grandfather is taking a walk with his
9 years old grandson in a park. They saw at 50 meters away, a 45 years old pickpocket robbering the bag of an old lady.
A policeman looking for some witnesses of this event asks separately the grandfather and his grandchild if they have seen
the thief (they both answer yes) and how was the thief (a young or an old man). The grandfather (source of information
B1 reports that the thief was a young man with high confidence 0.99 and with only a low uncertainty 0.01. His grandson
reports that the thief was a old man with high confidence 0.99 and with only a low uncertainty 0.01. These two witnesses
provide fair reports (with respect to their own world of knowledge) even if apparently they appear as paradoxical. The
policeman then send the two reports with only minimal information about witnesses (saying only their names and that they
were a priori fully trustable) to an investigator. The investigator has no possibility to meet or to call back the witnesses in
order to get more details.

Under such condition, what would be the best decision to be taken by the investigator about the age of the thief to
eventually help to catch him? Such kind of simple examples occur quite frequently in witnesses problems actually. A
rational investigator will almost surely suspect a mistake or an error in one or both reports since they appear apparently
in full contradiction. The investigator will then try to take his final decision with some other better information (if any).



If the investigator uses our new plausible and paradoxical reasoning, he will defined the following bpa with respect to the
frame of discernment� = f�1 = young; �2 = oldg and the available reportsB1 andB2 with following bpa

m1(�1) = 0:99 m1(�2) = 0 m1(�1 [ �2) = 0:01 m1(�1 \ �2) = 0

m2(�1) = 0 m2(�2) = 0:99 m2(�1 [ �2) = 0:01 m2(�1 \ �2) = 0

The fusion of these two sources of information yields the global bpam(:) with

m(�1) = 0:0099 m(�2) = 0:0099 m(�1 [ �2) = 0:0001 m(�1 \ �2) = 0:9801

Thus, from this global information, the investigator has no better choice but to consider with almost certainty that the thief
was both a young and old man. By assuming that the expected life duration is around 80 years, the inspector will deduce
that the true age of the thief is around 40 years old which is not too far from the truth. At least, this conclusion could be
helpful to interrogate some suspicious individuals.

4.4.8 A model to generate information granulesm(:) from intervals

We present here a model to generate information granulesm(:) from information represented by intervals. It is very com-
mon in practice that uncertain sources of information provide evidence on a given proposition in term of basic intervals
[��; ��] � [0; 1] rather than a direct bpam(:). In such cases, some preprocessing must be done before applying the general
rule of combination between such sources to take the final decision.

In the DST framework, we recall that the simpliest and easiest transformation to convert[��; ��] into bpa has already
been proposed by A. Appriou in [3]. The basic idea was to interpret�� as the minimal credibility committed toA and��

as the plausibility committed toA. In other words, the Appriou’s transformation model within the DST is the following
one

�� = m(A)

�� = 1�m(Ac)

�� � �� = m(A [Ac)

This model can be directly extended within our new theory of plausible and paradoxical reasoning by setting now.

�� = m(A) +
1

2
m(A \Ac)

�� = 1�m(Ac) �
1

2
m(A \Ac)

�� � �� = m(A [Ac)

or equivalently

m(A) +
1

2
m(A \Ac) = �� (62)

m(Ac) +
1

2
m(A \Ac) = 1� �� (63)

m(A [Ac) = �� � �� (64)

This appealing model presents nice properties specially when�� = �� = 0 or when�� = �� = 1. This model is moreover
coherent with the previous Appriou’s model whenever the source becomes rational (i.em(A\Ac) = 0). This new model
presents however a degree of freedom since one has only two constraints (62) and (63) for three unknownsm(A), m(Ac)
andm(A \Ac). Thus in general, without an additional constraint, there exists many possible choices form(A), m(Ac)
andm(A \ Ac) and therefore there exists several bpam(:) satisfying this transformation model. Without extra prior
information, it becomes difficult to justify the choice of a specific bpa versus all other admissible possibilities form(:).

To solve this important drawback, we propose to add the constraint on the maximization of the generalized-entropy
Hg(m). This will allow us to obtain from[��; ��] the unique bpam(:) having the minimum of specificity and admissible
with our transformation model. From definition ofHg(m) and previous equations (62)-(64), one gets

Hg(m) = � (�� �m(A \Ac)=2) ln(�� �m(A \Ac)=2)� (1� �� �m(A \Ac)=2) ln(1� �� �m(A \Ac)=2)

�
1

2
(�� � ��) ln(

1

2
(�� � ��)) � 2m(A \Ac) ln(2m(A \Ac))



The maximization ofHg(m) is obtained for the optimal valuem?(A \Ac) such that @Hg

@m(A\Ac) (m
?(A \Ac)) = 0 and

@2Hg

@m(A\Ac)2 (m
?(A \Ac)) < 0. The annulation of the first derivative is obtained by the solution of the equation

1

2
ln(�� �m?=2) +

1

2
ln(1� �� �m?=2)� 2m? ln(2m?)� 1 = 0

or equivalently after basic algebraic manipulations

64e2(m?)4 � (m?)2 + 2(1� �� + ��)m
? � 4(1� ��)�� = 0 (65)

The solution of this equation does not admit a simple analytic expression but can be easily found using classical numerical
methods. It is also easy to check that the second derivative is always negative and thereforeHg(m) reaches its maximal
value when

m(A) +
1

2
m?(A \Ac) = �� (66)

m(Ac) +
1

2
m?(A \Ac) = 1� �� (67)

m(A [Ac) = �� � �� (68)

This completes the definition of our new transformation model. Note that[��; ��] can also be generated from bpam(:)
through (62)-(64).

Numerical examples

� [��; ��] = [0:0; 0:0] m(A \Ac) = 0:000 m(A) = 0:000 m(Ac) = 1:000 m(A [Ac) = 0:000

� [��; �
�] = [0:2; 0:2] m(A \Ac) � 0:164 m(A) � 0:118 m(Ac) � 0:718 m(A [Ac) = 0:000

� [��; ��] = [0:5; 0:5] m(A \Ac) � 0:192 m(A) � 0:404 m(Ac) � 0:404 m(A [Ac) = 0:000

� [��; ��] = [0:8; 0:8] m(A \Ac) � 0:164 m(A) � 0:718 m(Ac) � 0:118 m(A [Ac) = 0:000

� [��; ��] = [1:0; 1:0] m(A \Ac) = 0:000 m(A) = 1:000 m(Ac) = 0:000 m(A [Ac) = 0:000

� [��; ��] = [0:2; 0:4] m(A \Ac) � 0:152 m(A) � 0:124 m(Ac) � 0:524 m(A [Ac) = 0:200

� [��; ��] = [0:6; 0:8] m(A \Ac) � 0:152 m(A) � 0:524 m(Ac) � 0:124 m(A [Ac) = 0:200

� [��; ��] = [0:4; 0:6] m(A \Ac) � 0:170 m(A) � 0:315 m(Ac) � 0:315 m(A [Ac) = 0:200

� [��; ��] = [0:3; 0:9] m(A \Ac) � 0:100 m(A) � 0:250 m(Ac) � 0:050 m(A [Ac) = 0:600

� [��; ��] = [0:0; 1:0] m(A \Ac) = 0:000 m(A) = 0:000 m(Ac) = 0:000 m(A [Ac) = 1:000

5 Plausible and paradoxical reasoning in the neutrosophy framework

5.1 Neutrosophy and the neutrosophic logic

The neutrosophy is a new branch of philosophy, introduced by Florentin Smarandache in 1980, which studies the origin,
nature and scope of neutralities, as well as their interactions with different ideational spectra. Neutrosophy considers a
proposition, theory, event, concept, or entitity,A in relation to its opposite,anti-A and that which is notA, non-A, and
that which is neitherA noranti-A, denoted byneut-A. Neutrosophy serves as the basis for the neutrosophic logic [22].

The Neutrosophic Logic (NL) or Smarandache’s logic is a general framework for the unification of all existing logics
[56, 57, 58]). The main idea of NL is to characterize each logical statement in a 3D neutrosophic space whereeach
dimension of the space represents respectively the truth (T), the falsehood (F) and the indeterminacy (I) of the statement
under consideration where T, I and F are standard or non-sandard real subsets of]�0; 1+[. Moreover in NL, each statement
is allowed to be over or under true, over or under false and over or under inderterminate by using hyper real numbers
developed in the non-standard analysis theory [43, 14]. The neutrosophical valueN(A) = (T (A); I(A); F (A)) in a frame
of discernment (world of discourse)� of a statementA is then defined as a subset (a volume not necessary connexe;
i.e. a set of disjoint volumes) of the neutrosophic space. Any statementA represented by a tripletN(A) is called a
neutrosophic eventor N � event. The subsetNt , T (A) characterizes the truth part of statementA. Ni , (A)
andNf , F (A) represent the inderterminacy and the falsehood ofA. This Smarandache’s representation is close to
the human reasoning. It characterizes and catches the imprecision of knowledge or linguistic inexactitude received by
various observers, uncertainty due to incomplete knowledge of acquisition errors or stochasticity, and vagueness due to



lack of clear contours or limits. This approach allows theoretically to consider any kinds of logical statements. For
example, the fuzzy set logic or the classical modal logic (which works with statements verifyingT (A), I(A) � 0,
F (A) = 1 � T (A), whereT is a real number belonging to[0; 1]) are included in NL. The neutrosophic logic can easily
handle also paradoxes. We emphaze the fact that in general the neutrosohic valueN(A) of a propositionA can also depend
on dynamical parameters which can evolve with time, space, etc. For seak of concise notation, we omit to introduce this
dependence in our notations in the sequel.

Basic operations on sets

Beside this modelling, F. Smarandache has introduced the following operations on sets. ConsiderS1 andS2 be two
(unidimensional) standard or non-standard real subsets. The addition, substraction, multiplication and division (by a non
null finite number) of these sets are defined as follows :

� Addition

S1 � S2 = S2 � S1 , fx j x = s1 + s2; 8s1 2 S1; 8s2 2 S2g (69)

� Substraction

S1 	 S2 = �(S2 	 S1) , fx j x = s1 � s2; 8s1 2 S1; 8s2 2 S2g (70)

For real positivesubsets, the Inf and Sup values ofS1 	 S2 are given by

Inf[S1 	 S2] = Inf[S1]� Sup[S2] and Sup[S1 	 S2] = Sup[S1]� Inf[S2]

� Multiplication

S1 � S2 = S2 � S1 , fx j x = s1 � s2; 8s1 2 S1; 8s2 2 S2g (71)

For real positivesubsets, one gets

Inf[S1 � S2] = Inf[S1] � Inf[S2] and Sup[S1 � S2] = Sup[S1] �Sup[S2]

� Division of a set by a non null standard number
Let k 2 R�, then

S1 � k , fx j x = s1=k; 8s1 2 S1g (72)

Neutrosophic topology

Let’s construct now a neutrosophic topology (NT) [56] on interval]�0; 1+[, by considering the associated family of
standard or non-standard subsets included in]�0; 1+[ and the empty set;, which is closed under set union and finite
intersection. The union and intersection of two any propositionsA andB (corresponding to either the part of truth,
indeterminacy or falsehood of a given assertion defined on]�0; 1+[) are defined as follows

A [B = (A �B) 	 (A� B) and A \B = A� B (73)

The neutrosophic complement ofA is defined as�A = f1+g 	 A and theN� value of an assertionA is characterized by
a mapping functionN(:) such that

N : A 7! N(A) = (T (A); I(A); F (A)) �]�0; 1+[3 (74)

The interval]�0; 1+[, endowed with this topology, forms aneutrosophic topological space.

Consider now two statementsA1 andA2, then one defines the following basic neutrosophic operators:

N(A1)�N(A2) =(T1 � T2; I1 � I2; F1 � F2) (75)

N(A1)�N(A2) =(T1 	 T2; I1 	 I2; F1 	 F2) (76)

N(A1)�N(A2) =(T1 � T2; I1 � I2; F1 � F2) (77)

whereTi = T (Ai), Ii = I(Ai), Fi = F (Ai) for i = 1; 2.

Since the truth, falsehood and indeterminacy of any statement must belong to]�0; 1+[, the result of each previous operator
�, � and� must be in]�0; 1+[3. Therefore upper and lower bounds ofT1 � T2 must be set respectively to�0 and1+

wheneverinf(T1 � T2) < 0 or sup(T1 � T2) > 1. The same remark applies for� and� operators and for falsehood



and inderterminacy part of compounded statement.

All classical logical operators and connectors can be extented in theN { Logic. For notation convenience, we will
identify logical operators with their classical counterpart in set theory as pointed out in [35] (hence the following equiv-
alences will be used:A � �A, A1 ^ A2 � A1 \ A2 andA1 _ A2 � A1 [ A2 throughout this paper). We recall here
only important operators used in the sequel. Additional neutrosophic logical operators like (strong disjunction, implica-
tion, equivalence, Sheffer’s and Pierce’s connectors) and general, physics and philosophical examples of application of
neutrosophic operators can be found in [56, 58].

� Negation

N(�A) = (f1g 	 T (A); f1g 	 I(A); f1g 	 F (A)) (78)

� Conjunction

N(A1 \ A2) = N(A1)�N(A2) = (T1 � T2; I1 � I2; F1 � F2) (79)

� Disjunction

N(A1 [ A2) = (T1 [ T2; I1 [ I2; F1 [ F2)

= ((T1 � T2) 	 (T1 � T2); (I1 � I2)	 (I1 � I2); (I1 � I2)	 (I1 � I2))

= [N(A1)�N(A2)] � [N(A1)�N(A2)] (80)

N {Membership function over a neutrosophic set

Let � be a world of discourse (called frame of discernment in the DST). EachN�elementx of � is characterized by its
own neutrosophical basic assignment (N { value)N(x) , (T (x); I(x); F (x)) with T (x),I(x) andF (x) �]�0; 1+[. The
N {membership function of any neutrosophical elementx with any subsetM � � is defined in similar way by

N(x jM ) , (TM (x); IM(x); FM(x)) (81)

with TM (x),IM (x) andFM (x) �]�0; 1+[. TheN { value ofx overM can be interpreted, by abuse of language, as
its membership function toM in the following sense:x is t% true in the setM , i% indeterminate (unknown if it is)
in M , andf% false inM , wheret varies inT , i varies inI, f varies inF . The standard notationx 2 M will be
used in the sequel to denote the neutrosophical membership ofx to M . One can say actually that any elementx of a
given frame of discernment supported by a body of evidence neutrosophically belongs to any set, due to the percentages
of truth/indeterminacy/falsity involved, which varies between 0 and 1 or even less than 0 or greater than 1. From this
definition and previous neutrosophic rules, one gets directly the following basic neutrosophical set operations :

� Complement ofM

If x 2M withN(x jM ) , (TM (x); IM (x); FM(x)), thenx =2M with

N(x j �M ) = (f1g 	 TM (x); f1g 	 IM (x); f1g	 FM (x)) (82)

� IntersectionM \N

If x 2 M with N(x j M ) , (TM (x); IM (x); FM(x)) andx 2 N withNjW (x j N ) , (TN (x); IN (x); FN (x)),
thenx 2M \N with

N(x jM \N ) = (TM (x)� TN (x); IM (x)� IN (x); FM(x)� FN (x)) (83)

� Union M [N

If x 2M withN(x jM ) , (TM (x); IM (x); FM(x)) andx 2 N withN(x j N ) , (TN (x); IN (x); FN(x)), then
x 2M [N with

N(x jM [N ) = (TM[N (x); IM[N (x); FM[N (x)) (84)

where

TM[N (x) , [TM (x)� TN (x)] 	 [TM (x)� TN (x)] (85)

IM[N (x) , [IM (x)� IN (x)] 	 [IM (x)� IN (x)] (86)

FM[N (x) , [FM(x)� FN (x)] 	 [FM(x) � FN (x)] (87)



� DifferenceM � N

SinceM � N , M � �N , if x 2 M with N(x j M ) , (TM (x); IM(x); FM(x)) andx 2 N with N(x j N ) ,
(TN (x); IN (x); FN (x)), thenx 2M �N with

N(x jM �N ) = (TM�N (x); IM�N (x); FM�N(x)) (88)

where

TM�N (x) , TM (x) 	 [TM(x) � TN (x)] (89)

IM�N (x) , IM (x) 	 [IM(x)� IN (x)] (90)

FM�N (x) , FM(x) 	 [FM(x)� FN (x)] (91)

� Inclusion M � N

We will said thatM � N if for all x 2 M with N(x j M ) , (TM (x); IM(x); FM(x)) andx 2 N with
N(x j N ) , (TN (x); IN (x); FN (x)), one has jointlyTM (x) � TN (x), IM (x) � IN (x) andFM(x) � FN (x).

5.2 Combination of neutrosophic evidences

Let’s consider a general finite frame of discernment� = f�1; : : : ; �ng and two bodies of (neutrosophic) evidenceB1
andB2. In the neutrosophic framework, we assume thateachbody of evidence provides some report of evidence (i.e.
N� value) committed to some elements of the hyper-power setD�. In other words, the information one has to deal with
is the reports:

� Report forB1 : R1 = fN1(A1); : : : ;N1(Am)g for A1; : : : ; Am 2 D�

� Report forB2 : R2 = fN2(B1); : : : ;N2(Bn)g for B1; : : : ; Bn 2 D�

where each neutrosophic value for a proposition corresponds actually to a given triplet(T (:); I(:); F (:)) �]�0; 1+[3

Within the neutrosophic logic, one has the full degree of freedom between theN� values for a report.

Our major concern now is to solve the difficult question on how to combine such kind of information to get the global
and most pertinent information about the problem under consideration. So, is it possible to construct a new global report
(and hopefully more informative)R fromR1 andR2 ? Unfortunatly, the neutrosophic logic which is a new appealing and
modelling tool to deal with uncertainties on propositions of same universe of discourse does not provide a clear and direct
mathematical mechanism for dealing with combination of such kind of evidences. We propose in this section a possible
issue for this important question based on our new generalization of the DST.

The main idea for combining such kind of evidences is to convert the reports into two proper general bpamR1(:) and
mR2 (:) and then combine them using the general rule of combination (41). The combination of neutrosophic evidences
is a two-level process.

Level 1 : the general bpa transformation

The major difficulty is the mapping of the set of neutrosophic valuesfN(:)g into a set of corresponding elementary bpa
m(:). Several cases are now examined.

� Case 1 (simpliest case): We assume that each neutrosophic evidence corresponds only to a triplet of real positive
or null numbers belonging to[0; 1] (i.e. T (:), I(:) andF (:) are restricted to real numbers2 [0; 1].
Since in the neutrosophic logic,T (:), I(:) andF (:) have no strong mathematical relationships, the easiest solution
within the classical DST would be to use the following transformation

m(A) = T (A)=c m(Ac) = F (A)=c m(A [Ac) = I(A)=c

wherec is a normalization constant such thatm(A) +m(Ac) +m(A \Ac) = 1.

In our general theory of plausible and paradoxical reasoning, it seems more judicious to use the following mapping
based on our general modelling of information granule described in section 4.4.8. Thus, we are now able to construct



from T (:), I(:) andF (:) the three corresponding elementary bpa as follows for any propositionC 2 D� involved
in a given report :

m1(A) = T (A) � 1
2m

?
1 m2(A) = 1� F (A) � 1

2m
?
2 m3(A) = 0

m1(A
c) = 1� T (A) � 1

2m
?
1 m2(A

c) = F (A)� 1
2m

?
2 m3(A

c) = 0
m1(A \A

c) = m?
1 m2(A \A

c) = m?
2 m3(A \A

c) = 1� I(A)
m1(A [A

c) = 0 m2(A [A
c) = 0 m3(A [A

c) = I(A)

wherem?
1 is given by the solution of equation64e2(m?

1)
4� (m?

1)
2+ 2m?

1� 4(1�T (A))T (A) = 0 andm?
2 by the

solution of equation64e2(m?
2)
4
� (m?

2)
2
+ 2m?

2 � 4(1 � F (A))F (A) = 0. The mappingm3(:) comes from the
necessity to not assign a prior preference toA rather than toAc when only indeterminacy is available.

� Case 2: We assume now that each neutrosophic evidence corresponds only to a triplet of real intervals belonging
to [0; 1]. In this case, the more general mapping is proposed.

m1(A) = mT �
1
2
m?
1 m2(A) = 1�MF �

1
2
m?
2 m3(A) = (MI �mI)=2

m1(Ac) = 1�MT �
1
2
m?
1 m2(Ac) = mF �

1
2
m?
2 m3(Ac) = (MI �mI )=2

m1(A \Ac) = m?
1 m2(A \Ac) = m?

2 m3(A \Ac) = 1�MI

m1(A [Ac) =MT �mT m2(A [Ac) =MF �mF m3(A [Ac) = mI

wheremT , Inf(T (A)), MT , Sup(T (A)), mF , Inf(F (A)), MF , Sup(F (A)) andmI , Inf(I(A)), MI ,

Sup(I(A)). m?
1 is given by the solution of equation64e2(m?

1)
4�(m?

1)
2+2(1�MT+mT )m

?
1�4(1�MT )mT = 0

andm?
2 by the solution of equation64e2(m?

2)
4 � (m?

2)
2 + 2(1�MF +mF )m?

2 � 4(1�MI )mI = 0.

� Case 3(general case) : We assume now that each component of neutrosophic value(T (A) =
S
i Ti(A); I(A) =S

j Ij(A); F (A) =
S
k Fk(A)) is actually the union of subintervals of[0; 1]. In such general case, we propose

to construct for each possible combinations of(Ti(A); Ij(A); Fk(A)) a corresponding general bpa as for case 2
then combine all bpa using the general rule of combination to get the global bpa relative to the proposition under
consideration.

Level 2 : the combination of evidences

We have just shown how general elementary bpa can be evaluated from each neutrosophic values of a report. For the
reportR1, we have now in hands a set of bpam1(:); : : :mm(:) associated to every proposition in this report. Similarly,
we get also another set of bpam0

1(:); : : :m
0
n(:) for reportR2. For each set of bpa, we are now able to compute the global

general bpamR1 (:) andmR2 (:) from the general rule of combination (41) by

mR1 = m1 �m2 � : : :�mm

mR2 = m0
1 �m0

2 � : : :�m0
n

The next step of the combination is then to combine the bpamR1 with mR2 by applying for the last time the general
rule of combination (41) to finally get the global result we are looking for; i.e.

m(:) = mR1 �mR2

From the global bpam(:) defined on the hyper-power setD�, we will then be able to evaluate the degree of belief of each
proposition ofD� which will help us to take the most pertinent decision for the problem under consideration.

6 Conclusion

In this paper, the foundations for a new theory of paradoxical and plausible reasoning has been developed which takes
into account in the combination process itself the possibility for uncertain and paradoxical information. The basis for the
development of this theory is to work with the hyper-power set of the frame of discernment relative to the problem under
consideration rather than its classical power set since, in general, the frame of discernment cannot be fully described in
terms of an exhaustive and exclusive list of disjoint elementary hypotheses. In such general case, no refinement is possible
to apply directly the Dempster-Shafer theory (DST) of evidence. In our new theory, the rule of combination is justified
from the maximum entropy principle and there is no mathematical impossibility to combine sources of evidence even if
they appear at first glance in contradiction (in the Shafer’s sense) since the paradox between sources is fully taken into
account in our formalism. We have also shown that in general, the combination of evidence yields unavoidable paradoxes.
This theory has shown, through many illustrated examples, that conclusions drawn from it, provides results which agree
perfectly with the human reasoning and is useful to take a decision on complex problems where DST usually fails. The
last part of this work has been devoted to the development of a theoretical bridge between the neutrosophic logic and
this new theory, in order to solve the delicate problem of the combination of neutrosophic evidences. The neutrosophic
logic serves here as the most general framework (prerequesite) for dealing with uncertain and paradoxical sources of
information through this new theory.
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